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Abstract: A correspondence of classical to quantum physics studied by Schro¨dinger and
Ehrenfest applies without the necessity of technical conjecture that classical observables are
associated with Hermitian Hilbert space operators. This correspondence provides appropriate
nonrelativistic classical interpretations to realizations of relativistic quantum physics that are
incompatible with the canonical formalism. Using this correspondence, Newtonian mechanics
for a 1/r potential provides approximations for the dynamics of nonrelativistic classical particle
states within unconstrained quantum field theory (UQFT).
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1 Introduction
Early in the development of quantum mechanics, Schro¨dinger and Ehrenfest [1,2,3] studied clas-
sical limits as approximations for the trajectories exhibited by the expected values of locations
and momenta. The dominant support of functions that describe quantum states were associ-
ated with classical particles, and trajectories result from the time translations of the Hilbert
space elements. This correspondence of features in a quantum mechanical description of nature
with trajectories of points in a classical configuration space description satisfies our everyday
experience. This correspondence also associates the spacetime geometry of the classical con-
figuration space with the arguments of the functions that describe the elements of the Hilbert
space realization of quantum mechanics. Significantly, this correspondence of features does not
require that Hilbert space operators satisfy the technical conjecture of the canonical formalism
[4].
The canonical formalism conjectures a further correspondence: that classical fields corre-
spond to Hermitian Hilbert space field operators. The canonical formalism generalizes the
Dirac-von Neumann formulation of nonrelativistic quantum mechanics. In the Dirac-von Neu-
mann formulation, classical dynamic quantities correspond to Hermitian operators in a Hilbert
space realization of quantum mechanics [5]. The archetypes for this correspondence are location
X and momentum P operators that satisfy the Born-Heisenberg-Jordan relation [X,P] = i~.
However, while the correspondence of classical dynamical objects with observable features of
a quantum mechanical description of nature evidently must generalize to relativistic quantum
physics, the canonical formalism is not necessary. Realizations of classical dynamic quantities as
Hermitian Hilbert space operators are not necessary to satisfy our experience with the approxi-
mation of nature provided by classical concepts. The canonical formalism conjectures technical
properties that are not necessarily consistent with the unification of relativity and quantum
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mechanics. Indeed, with consideration of relativity, location X is not a Hermitian operator
[6,7] and Hilbert space projections onto subsets of space are not consistent with causality [8].
Hermitian Hilbert space field operators are realized for free fields and related constructs, but
the conjecture that a classical field corresponds to a Hermitian field operator is inconsistent
with interaction in available constructions for relativistic quantum physics [9]. Realization of
Hermitian Hilbert space field operators is excluded in the unconstrained quantum field theories
(UQFT) that exhibit interaction. The classical correspondence studied by Schro¨dinger and
Ehrenfest is less technically demanding and their more direct correspondence admits UQFT
realizations that exhibit interactions of interest [9,10,11] but do not satisfy the technical con-
jecture of the canonical formalism.
The correspondence of features in the classical limit of quantum mechanics studied by
Schro¨dinger and Ehrenfest does not require that multiplication by real fields defines a self-
adjoint Hilbert space operator, nor is the canonical formalism’s extrapolation of classical Hamil-
tonians to high energies and short distances imposed. These assertions for the technical proper-
ties of operations in Hilbert space realizations of relativistic quantum mechanics are problematic
[12,13,14]. A classical limit may be more limited than the general correspondence of classical
dynamic quantities with Hermitian Hilbert space operators. The canonical formalism remains
an applicable procedure when the additional technical properties are satisfied, notably in non-
relativistic quantum mechanics and in free field theory.
In this note, the methods of Schro¨dinger and Ehrenfest are applied to classical correspon-
dences for relativistic quantum physics. Classical correspondences are established by approx-
imation of the evolution of regions of the dominant support of states as classical trajectories.
This correspondence applies in nonrelativistic, particle-like instances. For this note, particular
selections for classical particle-like states and a particular UQFT are developed. The selected
states are generated from Gaussian minimum packet product states, selected because they
achieve the Heisenberg bound for simultaneous knowledge of location and momentum, and be-
cause time translations of minimum packet functions are in family for the nonrelativistic limit of
the UQFT Hamiltonian. A UQFT with a single Lorentz scalar field is selected for convenience
in the analysis. Results suggest that the temporal evolution of UQFT states are approximated
in nonrelativistic classical particle instances by Newtonian mechanics with a −g/r potential.
At the level of approximation achieved here, Newtonian mechanics suffices for the classical
correspondences.
This note continues the study of realizable, quantum mechanical constructions [9,10] capable
of describing the phenomenology developed in the canonical formalism. To achieve realizations,
UQFT depart from the technical properties of a quantum field as described in established ax-
ioms for QFT: the G˚arding-Wightman; and Wightman functional analytic axioms [12,13,15,16].
The UQFT development of relativistic quantum physics eliminates the conjecture of a corre-
spondence of Hermitian Hilbert space field operators with real, classical fields. UQFT exhibit
interactions of interest in physical spacetime but due to a lack of Hermitian field operators
exhibiting interaction, the canonical formalism does not apply. For UQFT, alternative associ-
ations of classical dynamics with relativistic quantum dynamics are of interest. Significantly,
the methods of Schro¨dinger and Ehrenfest associate nonrelativistic classical particle dynamics
with features in the temporal evolution of selected UQFT states. This correspondence applies
as an approximation for low energies and large distances with the high energy, short distance
behavior determined by the vacuum expectation values (VEV) of the field. The UQFT VEV
demonstrably satisfy the physical characteristics of relativistic quantum physics: Poincare´ co-
variance, causality, and a Hilbert space realization of positive energy states. The change from
the Wightman functional analytic axioms is to delete the canonical formalism-motivated prop-
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erty that multiplication by the field defines a Hermitian Hilbert space operator. Hermitian field
operators result from satisfaction of the physical characteristics for every Schwartz tempered
function of spacetime. Interacting, relativistic fields are realizable when the physical states,
elements of a constructed rigged Hilbert space, are labeled from a more appropriate set of
functions. The key consideration in UQFT is a local, Poincare´ covariant scalar product for
positive energy states. When there is interaction, an algebra of Hermitian field operators is not
realized within the Hilbert space of a UQFT. The Haag-Kastler algebraic axioms [13,17] are
also more general but that development emphasizes properties of operator algebras, and the
assumed isotony property is not exhibited in UQFT.
Contrasted with the canonical formalism, the relativistic quantum dynamics of UQFT have
a distinct character. The classical limit is derived from explicit VEV using associated classical
trajectories rather than specified by a Hamiltonian form. In Lagrangian QFT and nonrelativis-
tic quantum mechanics, an interaction term in the Hamiltonian is specified and determines the
dynamics, while in UQFT, the interaction results from the form of the Hilbert space scalar
product and not the generator of time translation. Rather than the derivation of quantum
dynamics from a classical interaction, UQFT dynamics are constrained only to achieve the
characteristics of relativistic physics. A UQFT does not necessarily model a single classical
force, nor any classical force. Associations with classical dynamics are a test of the physical
relevance of UQFT. Newtonian mechanics is imposed as an interpretation of nonrelativistic
classical particle approximations to the quantum dynamics. These classical associations apply
in likelihood and only for a limited family of states that associate with nonrelativistic classical
particles. Ehrenfest’s theorem is applied to associate an interaction Hamiltonian and nonrela-
tivistic quantum mechanics to UQFT using the common associations with classical trajectories.
Other than this association, UQFT lacks an interaction Hamiltonian.
First, a digression to establish notation.
1.1 Notation
Spacetime coordinates in four dimensions are designated x := t,x and energy-momentum vec-
tors are p := E,p with p := px, py, pz. x, p ∈ R4 are Lorentz four-vectors and x,p ∈ R3 are
spatial (Euclidean) vectors. x2 := t2−x2, p2 := E2−p2 and px := Et−p ·x use the Minkowski
signature, p · x is the Euclidean dot product and x2 := x · x is the square of the Euclidean
length. In this note, the units of spacetime coordinates are length, and the energy-momentum
coordinates are wave numbers with units of the inverse length. Conversion of t to time is then
“time” = t/c. “Momentum” = ~p and “energy” = ~cE = ~c
√
(mc/~)2 + p2. Mass m is in
natural units, e.g., kilograms. Classical trajectories are designated ξk(λ) and are spatial vectors
parameterized by a temporal parameter λ also with units of length. Ascending or descending
sequences of multiple arguments are denoted
(x)j,k := xj , xj+1, . . . xk
in the ascending case, (x)j,k := xj, xj−1, . . . xk otherwise and (x)n := (x)1,n. Summation nota-
tion is used for generalized functions,∫
dx T (x)f(x) := T (f)
for a generalized function T (x), function f(x) ∈ A with argument x ∈ R4. δ(p) denotes the
product of δ(E), δ(px), δ(py) and δ(pz). f˜n((p)n) denotes the Fourier transform of fn((x)n).
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The adopted Fourier transform is the evident multiple argument extension of
f˜(p) :=
∫
dx
(2π)2
e−ipxf(x)
and T˜ (f˜) := T (f). z designates the complex conjugate of a complex number z = ℜe(z) +
iℑm(z).
Terms for Hilbert space operators include that an operator A with domain DA in a Hilbert
space with scalar product 〈u, v〉 is Hermitian if 〈u,Av〉 = 〈Au, v〉 for every u, v ∈ DA, a Hermi-
tian operator is symmetric if DA is dense, and a symmetric operator is self-adjoint if DA = DA∗
and Au = A∗u for every u ∈ DA. Then self-adjoint implies symmetric implies Hermitian.
It is common to substitute symmetric, maximal symmetric and self-adjoint for Hermitian,
symmetric and self-adjoint, respectively, and von Neumann’s terms [18] were Hermitian, max-
imal Hermitian, and hypermaximal. Hilbert space projections refer to orthogonal projections,
P = P 2 = P ∗.
The development generally follows Borchers’ description of scalar field QFT [16] supple-
mented with definitions for UQFT from [9]. The properties of a Wightman-functional
W = (W0,W1,W2((x)2) . . .)
for terminating sequences of functions f = (f0, f1(x1), f2((x)2), . . .) ∈ A describes a UQFT
[9,10]. The component functions Wn((x)n) of W are the vacuum expectation values (VEV)
of the fields that, as a consequence of Lorentz covariance, are generalized functions but not
functions on spacetime [19,20]. An fn((x)n) ∈ A is described by f0 ∈ C and f˜n((±ω,p)n) ∈
S(R3n), Schwartz tempered functions [21] of the momenta pk when each energy is on either
the positive or negative mass shell ±ω(pk).
ω(pk)
2 :=
(mc
~
)2
+ p2k (1)
with a mass m > 0 and the abbreviated notation ωk := ω(pk) is used when pk is the argument
of the Fourier transform of a function from A.
The Hilbert spaces of interest to relativistic quantum physics are rigged (equipped) Hilbert
spaces with elements labeled by function sequences from B ⊂ A, functions with Fourier trans-
forms supported only on the positive energy support of the generalized functions W˜n((p)n). For
the scalar field UQFT, the support of the W˜n((p)n) lies entirely on mass shells; W˜n((p)n) 6= 0
implies that every p2k = m
2. Then, for every sequence of ϕn((x)n) ∈ A, there is an f ∈ B
defined as
f˜n((p)n) =
n∏
k=1
(Ek + ωk)ϕ˜n((p)n) (2)
and f0 = ϕ0 [9]. The physical states are elements of the rigged Hilbert spaces with elements la-
beled by equivalence classes of function sequences from B, equivalent in the semi-norm provided
by the nonnegative, sesquilinear, Wightman functional W .
‖f‖B :=
√
W (f∗ x f) (3)
with
f x g := (f0g0, . . . ,
n∑
ℓ=0
fℓ((x)ℓ) gn−ℓ((x)ℓ+1,n), . . . ).
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The Hilbert space results from a bijective map of equivalence classes of elements f ∈ B in the
semi-norm (3) to a dense set of elements |f〉 in the Hilbert space. The map,
〈f |g〉 =W (f∗ x g), (4)
is an isometry. The ∗-map is an automorphism of A defined by
fn((x)n) 7→ f∗n((x)n) := fn((x)n,1).
The algebra A is ∗-involutive, A = A∗, but B∗∩B consists of (f0, 0, 0 . . .). The Fourier transform
of the ∗-mapped function is related to the Fourier transform of fn((x)n) by
f˜∗n((p)n) = f˜n(−pn,−pn−1, . . . ,−p1). (5)
f˜∗n((p)n) designates the Fourier transform of f
∗
n((x)n), distinct from the ∗-mapping of f˜n((p)n)
and the notation is unambiguous with the convention that the ∗-map is considered only for
functions on spacetime. W satisfies Poincare´ covariance and microcausality for sequences from
A. Fields are identified by the multiplication [16] in the algebra of function sequences A,
Φ(f)g = f x g
and for free fields, this field results in the familiar Hermitian Hilbert space operator [12,16].
A includes real functions and functions of compact spacetime support but the subset B lacks
both real functions and functions of bounded support although elements of B may be arbitrarily
dominantly supported within bounded regions of spacetime. For the single Lorentz scalar field
UQFT,
H =
n∑
k=1
ωk (6)
is the Hamiltonian in the n particle subspace that results from time translations, |U(t)f〉 = |g〉
with
g˜n((p)n) =
n∏
k=1
e−iωkt f˜n((p)n).
H would be designated a free field Hamiltonian in a canonical formalism development of QFT.
U(t) is the unitary homomorphism of the group of time translations that results from translation
invariance of the Wightman-functional [12]. Eigenstates of H are plane waves realized as
generalized eigenfunctions but not as elements of the Hilbert space.
1.2 Nonrelativistic classical particle states
The idealization of a classical particle is used to associate UQFT with nonrelativistic classical
dynamics. When a state of a UQFT can be labeled by a function described by nonrelativistic
classical particles, that state is a nonrelativistic classical particle state. The properties of
the temporal evolution of these states determine the classical limits of the UQFT. Gaussian
functions centered on classical particle trajectories are used to describe the classical limits.
The Gaussian, minimum packet functions are distinguished as the most nearly classical states
in the sense that the Heisenberg bound is achieved and time translation is in family for the
nonrelativistic limit of the UQFT Hamiltonian. The terms used to describe a classical particle
associated with a UQFT include:
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1. A classical model is a set of n twice differentiable trajectories ξk(λ) ∈ R3 parameterized
by a real temporal parameter λ. Trajectories describe the motion of points in R3. Each
trajectory has a velocity ξ˙k(λ), the first derivative with respect to λ. For the accuracy
of the approximations considered in this note, Newton’s equation F = ma suffices as the
equation of motion to determine trajectories from initial conditions. Physically acceptable
sets of classical trajectories conserve the total momentum and the Poincare´ covariance
of UQFT scalar products is exploited to select coordinates collocated with the classical
center of mass. In such a frame,
∑
k ξk(λ) =
∑
k ξ˙(λ) = 0 for any λ. A set of n classical
trajectories ξk(λ) are denoted strictly bound if there exists an R < ∞ with ‖ξk(λ)‖ < R
for all λ ≥ 0 and any k in coordinates collocated with the center of mass of the classical
trajectories.
2. A classical particle is associated with the region of dominant support of a minimum packet
function ϕ(x; ξk, λ) centered on a trajectory ξk := ξk(λ) with a momentum qk := qk(λ)
and ~qk(λ) = mcγkξ˙k(λ). The minimum packet functions are Schwartz functions [21]
with Fourier transforms
ϕ˜(p; ξk, λ) := L0(λ)
3 exp
(
−(L0(λ)2 − iλc
2
λ)(p− qk)2 + i(p− qk)·ξk(λ)
)
.
These Gaussian functions ϕ(x; ξk, λ) and associated trajectories ξk(λ) are described in
Sections 2.1 and 2.2. The Compton wavelength for mass m is
λc :=
~
mc
. (7)
The momentum support of these minimum packet functions is centered on qk with an
extent characterized by a real function L0(λ). The length L0(λ) determines the momen-
tum variance and provides a lower bound on the spatial variance of the minimum packet
states. In this note, L0(λ) is referred to as the momentum spread length. The n particle
minimum packet states are labeled by function sequences
s(λ) := (0, . . . , 0, sn((x)n, λ), 0, . . .) ∈ B (8)
with Fourier transforms
s˜n((p)n;λ) :=
n∏
k=1
(Ek + ωk) ϕ˜(pk; ξk, λ)
and λ is the temporal parameter of the trajectories ξk(λ) and L0(λ). A normalization of
the state labeled by (8) is designated
|us(λ)〉 := Ks(λ) |s(λ)〉 (9)
with Ks(λ) ∈ R and ‖us(λ)‖B = 1 for the norm (3). These sn((x)n;λ) have point support
in time with each tk = 0 [9]. Functions in B include generalized functions with point
support in time and as a consequence, UQFT includes descriptions for physical states
at particular times. Minimum packet functions describe particles when the supports are
isolated and exhibit nonrelativistic relative velocities. The concentrations in the support
of the functions that label UQFT states are distinguishable until they bifurcate or merge
with other peaks.
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3. A state |us(λ)〉 of unit norm is called a nonrelativistic classical particle state if it is labeled
by minimum packet functions centered on the classical trajectories ξk(λ), the minimum
packet functions describe classical particles, and time evolution is nearly equivalent to
translations of the temporal parameter of the trajectories,
|U(−λ)us(0)〉 ≈ |us(λ)〉. (10)
This approximation associates time translation of an appropriate subset of elements of
the Hilbert space with an evolution of points described by classical mechanics.
This note studies (10), that temporal translation is approximately the same as a translation
of particles along classical trajectories for states described by nonrelativistic classical particles.
Results include that the potential associated with the UQFT is a regularized, attractive −g/r
potential.
The negative sign in (10) originates in the opposite senses of translation for functions and
generalized functions.
〈s(λ)|U(τ)s(0)〉 =W (s∗ x (1, τ)s)
=
∫
d(x)2n W2n((x)2n) sn((x)n,1, λ)sn((t− τ,x)n+1,2n, 0)
=
∫
d(x)2n W2n((x)n, (t+ τ,x)n+1,2n) sn((x)n,1, λ)sn((x)n+1,2n, 0).
Then, (10) is that
sn((t+ τ,x)n+1,2n, 0) ≈ sn((t,x)n+1,2n, τ)
in the norm ‖s‖B from (3), for trajectories ξk(λ) other than the straight line trajectories that
characterize a lack of interaction, and for UQFT VEV W2n((x)2n) evaluated for functions (8)
that describe nonrelativistic classical particles. States labeled by appropriate minimum packet
functions are associated with classical particles and time translation of these Hilbert space
elements provide the trajectories described by classical predictions.
The approximation (10) is in the trace norm and implies approximation up to a phase. The
Born’s rule transition likelihood
Trace(Pf |us(0)〉〈us(0)|) ≈ 1 (11)
for appropriate, normalized nonrelativistic classical particle states (9) and an orthogonal pro-
jection operator
Pf =
∫
dµs |U(λ)s(λ)〉〈U(λ)s(λ)| (12)
with λ ≥ 0 and µs a measure on subsets of the parameters describing the states |s(λ)〉 in (8).
Plane wave limits as well as elements of the Hilbert space are of interest. An amplitude I(λ, τ)
is designated such that the likelihood (11) is∫
dµs I(λ, 0)2 := Trace(Pf |us(0)〉〈us(0)|). (13)
When the projection (12) is onto the one dimensional subspace of the element |U(λ)s(λ)〉, the
transition likelihood (11) is the square of the magnitude of the scalar product
Trace(Pf |us(0)〉〈us(0)|) = I(λ, 0)2 = |〈U(λ)us(λ)|us(0)〉|2.
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When the projection is onto the subspace defined by an appropriate linear combination of plane
wave limits, the measure dµs of interest is Lebesgue measure d(q)n on the classical momenta
that describe plane wave limits and
I(λ, 0) = NI |〈U(λ)s(λ)|us(0)〉|.
The normalization NI for plane waves derives from P
2
f = Pf and is included in Section 3.3.
Then generally, nonrelativistic approximations to the scalar products
〈U(λ)s(λ)|U(τ)s(τ)〉 (14)
underlie evaluation of the likelihoods (11) of interest to classical limits. I(λ, τ) is a function
of the trajectories ξk(τ), ξk(λ) and their first temporal derivatives ξ˙k(τ), ξ˙k(λ) ≈ λcqk(λ), and
momentum spread lengths L0(τ), L0(λ). These scalar products are evaluated in Section 3.
1.3 Overview
In this section, the associations of classical trajectories with the temporal evolution of regions
of dominant support resulting from
|U(−λ)us(0)〉 ≈ |us(λ)〉
for the selected UQFT are organized and introduced.
Trajectories ξk(λ) and momentum spread lengths L0(λ) appropriate to descriptions of non-
relativistic classical particles satisfy constraints. Association of a classical particle with a domi-
nant region in the support of a function describing a quantum state includes the considerations
that the dominant regions are sufficiently isolated to be distinguishable with significant confi-
dence, relative velocities are nonrelativistic and that energies are sufficiently small to neglect
changes in particle number. With ra(λ) the minimum Euclidean distance between n locations
ξk(λ),
ra(λ) := min
j,k 6=j
‖ξk(λ)− ξj(λ)‖,
the parameters of nonrelativistic classical particle states satisfy bounds developed in Section
2.2.
Nonrelativistic classical particle bounds: The association of particles with
UQFT states labeled by minimum packet functions (8) applies for times λ, trajec-
tories ξk(λ) and momentum spread lengths L0(λ) that satisfy
‖ξ˙k(λ)‖ ≪ 1
λc ≪ L0(λ)
L0(λ)
2 +
λ2cλ
2
4L0(λ)2
≪ ra(λ)2
(15)
in a coordinate frame collocated with the classical center of mass of the n particles.
For spatial variances that are a significant fraction of the minimum separation ra(λ), the
overlap of the supports of the minimum packet functions is appreciable and reliable association
of classical particles with regions of support degrades. The bounds require that the closest
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approach ra of the classical trajectories significantly exceeds the Compton wavelength. The
nonrelativistic classical particle conditions eliminate a correspondence with classical particles for
the constituents of deeply bound states. In these cases, the closest approach of the constituents
is near or less than the Compton wavelength.
There are several qualifications to (10) in addition to satisfaction of the constraints (15).
The accuracy of (10) degrades with growth of λ as errors from the nonrelativistic approximation
grow, and the approximation of time translation by changes in the temporal parameter of the
trajectories is limited by the use of a single classical trajectory. The duration λ of accurate
nonrelativistic approximations varies with situation. In Section 3.1, a bound on the useful
duration of the approximation is developed. This bound grows at least as fast as the square of
the momentum spread length, L0(λ). As a consequence, the nonrelativistic approximations are
accurate over a greater duration for wave-like states than point-like states. The nonrelativistic
approximations are more accurate when the momentum spreads are small.
The approximation for the evolution of the quantum state by a single classical trajectory per
particle also degrades with increases in the period λ in (10). Sets of initially nearby trajectories
may bifurcate rather than spread about a single trajectory. Accommodation of the uncertainty
in positions and velocities as initial conditions for the classical trajectories results in a spread
of associated classical trajectories. In free field theory, this uncertainty is accommodated by
growth in the spatial variance of the minimum packet functions with time. In the nonrelativistic
approximation to free field theory, an initial variance L20 7→ L20+λ2cλ2/4L20. With interaction, the
description of trajectories is more diverse. In the example of a loosely bound, circular classical
trajectory, trajectories that are initially nearby include scattered solutions and elliptical orbit
bound solutions. Then, consideration that the spatial variance of the bound states must remain
small with respect to orbit radii is incompatible with the divergence of the orbits and scattered
states. A large spatial variance contradicts the distinguishability of the bound state constituents
in a classical description. As a consequence, the duration of the time span over which (10) is
applicable is limited by constraints on packet spread. And finally, deviations from Newtonian
mechanics are anticipated, for example, to achieve geometrodynamical gravity and a causal
radiation reaction force in electrodynamics.
With recognition of these limitations, (10) provides a correspondence of UQFT with trajec-
tories from Newton’s mechanics. The development here uses a common L0(λ) for all arguments
and one generalization would be an L0,k(λ) labeled in common with a corresponding trajectory
ξk(λ). This generalization is not necessary to the results of this note.
Momentum spread lengths L0(λ) play a fundamental role in the correspondence of classical
trajectories with UQFT states. Momentum spread lengths L0(λ) provide the freedom to as-
sociate appropriate classical limits with UQFT. A nonrelativistic classical particle description
(15) alone is not sufficient to associate a UQFT with a classical force. A dynamical model for
L0(λ) is selected to result in the classical particle trajectories observed in nature. Assumptions
that associate UQFT with appropriate classical limits are identified in Section 4. The form
L0(λ) := L0(T (λ), V (λ)) (16)
associates classical limits of UQFT with Newton’s equations. Then, L0(λ) is regarded as an
abbreviated notation for L0(T, V ) evaluated at time λ with T (λ) the classical kinetic energy
defined below in (26) and V (λ) the classical potential energy defined below in (25). T (λ) and
V (λ) derive from the classical trajectories ξk(λ).
The momentum spread length L0(λ) and the duration of the interval between observations
λ are used to organize consideration of (10) into domains. For n particle states (8), the scalar
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products (14) are decomposed below in (20) of Section 1.4 into terms with distinct cluster
properties. Each term in a scalar product is designated as either a forward contribution that
consists entirely of two-point function factors, a partially factored contribution that includes
at least two connected function factors with at least one factor having more than two argu-
ments, or a connected contribution that consists of a single connected function. The sum of
the forward VEV contributions is designated F (λ, τ) and the connected VEV contribution is
designated c2nC(λ, τ) with coefficients c2n that determine interaction strength. In Section 3
it will be demonstrated that for sufficiently large L0(λ), the forward VEV contribution domi-
nates the connected and partially factored contributions, F (λ, λ)≫ c2nC(λ, λ). Conversely, for
sufficiently small L0(λ), the connected VEV contribution dominates the forward and partially
factored contributions, F (λ, λ) ≪ c2nC(λ, λ). Small L0(λ) correspond to point-like states and
large L0(λ) to plane wave-like states. The partially factored contributions are implicit in this
notation.
Results for each domain are briefly summarized here and are developed in the referenced
sections. For the summary, the forward VEV contributions F (λ, 0) to the scalar products (14)
are considered negligible for trajectories that deviate significantly from straight lines. The
domains considered are:
1. The nonrelativistic classical particle approximation for the time evolution of states (10)
applies over short intervals. Asymptotically for small λ, the approximation (10) is a prop-
erty of the minimum packet functions (8) for trajectories that are solutions to Newton’s
equation for 1/r potentials. Solutions to Newton’s equation for 1/r potentials are asso-
ciated with a scalar field UQFT independently of the VEV or potential strength g. This
result is developed in Section 2.2 as Lemma 1.
2. Over intervals (0, λ) with sufficiently small L0(λ) and when F (λ, 0) is negligible, the
likelihoods (11) are nearly independent of the interaction strengths c2n.
〈U(λ)us(λ)|us(0)〉 ≈
C(λ, 0)
C(λ, λ)
1
2C(0, 0)
1
2
For small L0(λ), nonrelativistic approximations degrade most rapidly and the duration
of the interval available to analysis using the methods of this study is therefore limited.
For the example of two particles in the circular orbits of a −g/r potential, the likelihood
(11) is optimized for an interaction strength g proportional to (c4)
2
3 when the momentum
spread length L0(λ) is appropriately selected. In this example of two particles in circular
orbit, quantum corrections to a −g/r potential appear for large separations r. These
particle-like cases are developed in Section 4.1.
3. When an initial, sufficiently small L0(0) transitions to a sufficiently large L0(λ), accuracy
of the temporal approximation persists and
〈U(λ)us(λ)|us(0)〉 ≈
√
c2n C(λ, 0)
F (λ, λ)
1
2C(0, 0)
1
2
.
In these instances, any nonrelativistic classical particle trajectories that satisfy Newton’s
equations is a local extremum of the approximation (10). The optimization includes deter-
mination of the momentum spread lengths L0(λ) to associate the UQFT with appropriate
classical limits. These particle-like to wave-like transition cases are developed in Section
4.2.
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4. The correspondence (10) of UQFT states with classical particle descriptions does not
apply to plane wave scattering amplitudes. Particle-like cases with initially large L0(0)
transitioning to large L0(λ) result in negligible interaction. To satisfy the nonrelativistic
classical particle bounds, the trajectories must remain many times L0 apart and then the
plane wave limit places the trajectories at too great a separation to interact significantly,
and the quantum corrections of item 2 obscure the associations of states with classical
trajectories at great ranges. Plane wave scattering amplitudes result from overlapping
wave-like states. For L0(0) = L0(λ) growing without bound, F (λ, λ) is the only significant
contribution to state norms and C(λ, 0) is the only significant contribution to non-forward
scattering.
〈U(λ)us(λ)|us(0)〉 ≈
c2nC(λ, 0)
F (λ, λ)
1
2F (0, 0)
1
2
.
The non-forward scattering amplitudes for the single Lorentz scalar field UQFT are
〈(q1, . . . qn)out |(qn+1, . . . qn+m)in〉 = cn+m δ(q1 . . .+qn−qn+1 . . .−qn+m)
from [9,10,11]. These scattering amplitudes are proportional with a factor i to the first
contributing order of a Feynman series [4] for a P(Φ)4 interaction Hamiltonian density
Hint(x) =
∑
ak :Φ(x)
k :
with k ≥ 4, ak = ck (2π)2k−4/k!, and ck are the interaction strength coefficients from the
VEV in (19) below. The nonrelativistic limit of the corresponding differential cross section
dσ/dΩ is not the Mott cross section for particles interacting with a 1/r potential despite
the association of the nonrelativistic classical particle trajectories with 1/r potentials.
There are scalar field UQFT with elastic cross sections that have nearly (regularized)
1/r equivalent plane wave scattering potentials in first Born approximation [11], but
evaluation of the scalar products (14) in these cases is beyond the scope of this study.
The association of the selected scalar UQFT with the trajectories of a 1/r potential is
natural in the particle-like instances but not in this wave-like instance.
A plausible bound on the scalar products (14) joins the three particle-like domains 1-3.
Satisfaction of the bound provides that the trajectories of a −g/r potential with a strength g
determined by c4 are the trajectories of greatest likelihood.
Coplanar propagation: The states of a UQFT satisfy the coplanar propagation
bound if the magnitudes of scalar products of states
|ψ(λ)〉 := |U(λ)us(λ)〉
are bounded by the product of the magnitudes of the scalar products with an inter-
mediate state.
|〈ψ(λ1 + λ2)|ψ(0)〉| ≤ |〈ψ(λ1 + λ2)|ψ(λ1)〉| |〈ψ(λ1)|ψ(0)〉| (17)
for normalized (9), nonrelativistic classical particle states |us(λ)〉 from (8), and
λ1, λ2 ≥ 0.
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Satisfaction of this bound is conditional for the nonrelativistic approximations to the scalar
products (14) in this single Lorentz scalar field UQFT example but the bound applies in cases
of interest. Conditional satisfaction of the bound is demonstrated for two body circular orbit
cases in Section 4.1.
The coplanar propagation bound (17) and the unitary implementation of time translation
provides that
|〈us(λ1+λ2)|U(−(λ1+λ2))us(0)〉| ≤ |〈us(λ1+λ2)|U(−λ2)us(λ1)〉| |〈us(λ1)|U(−λ1)us(0)〉|.
As a consequence, when valid, the coplanar propagation bound provides that (10) is satisfied for
intervals (0, λ1+λ2) only if it is satisfied for intervals (0, λ1) and (λ1, λ1+λ2). The association
of 1/r potentials with UQFT over short intervals from domain 1 provides that the likelihoods
for the trajectories of 1/r potentials have the greatest upper bounds in domains 2 and 3. That
is, the likelihood of a transition along a trajectory cannot be large unless the likelihood is large
for intermediate transitions along the same trajectory. The long interval transition likelihoods
are bounded by products of the short interval transition likelihoods. Since the trajectories of
1/r potentials are the most likely trajectories for a short interval, only the trajectories of a
1/r potential can have near certain likelihoods over long intervals. Conversely, validity of this
bound provides that the intermediate transition likelihoods along a trajectory must exceed the
long interval likelihoods. The likelihood of a transition for a short interval along a trajectory
is large if the likelihood of a transition across a larger interval on the same trajectory is large.
As a consequence, the potential strength g from domain 2 that maximizes the longer interval
likelihoods provides that the short interval likelihoods with that strength g must be among
the trajectories of great likelihood. Validity of the coplanar propagation bound provides the
association of a −g/r potential with the UQFT. A 1/r potential is indicated from the short
interval results of domain 1, and the strength g is determined from maximization of likelihoods
in domain 2. In domain 3, the −g/r potential is indicated as the most likely from among the
trajectories of potentials that provide local extrema of the likelihoods.
There are no particle trajectories in quantum mechanics other than the result of a sequence
of localized observations that can be reliably associated with a single particle. The coplanar
propagation bound relates the likelihood of a trajectory for a particle under recurring obser-
vation with the likelihood of observation of the particle at the location and momentum of the
result of the series of observed transitions. Each observation has inherent uncertainty and as a
consequence, with varying likelihoods, observations associate with many classical trajectories.
The span of three vectors |ψ(0)〉, |ψ(λ1)〉, |ψ(λ1 + λ2))〉 is an at most three dimensional
Hilbert subspace [26]. Angles can be associated with the magnitudes of the scalar products.
cos θ1 = |〈ψ(λ1)|ψ(0)〉|
cos θ2 = |〈ψ(λ1 + λ2)|ψ(λ1)〉|
cos θ = |〈ψ(λ1 + λ2)|ψ(0)〉|
with 0 ≤ θ1, θ2, θ ≤ π/2. In those cases with θ1 = θ2, the coplanar propagation bound is that
cos2 θ1 ≥ cos θ.
When θ1 = θ2, the angle β of the intermediate state |ψ(λ1)〉 out of the plane determined by the
initial and final states is, from the law of cosines,
cos2 β =
2cos2 θ1
1 + cos θ
≥ 2 cos θ
1 + cos θ
.
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The coplanar propagation bound is a bound on the deviation of the intermediate state from
the plane of the initial and final states. Asymptotically for small θ, the coplanar propagation
bound is that β ≤ θ/2 when θ1 = θ2. If the three vectors are coplanar, then β = 0 and θ1 = θ/2.
The results introduced as 1-4 are developed in the subsequent sections after the UQFT VEV
are introduced.
1.4 The single Lorentz scalar field Wightman functions
A useful characterization of the Wightman functions Wn((x)n) decomposes the generalized
functions into connected functions CW n((x)n). Connected functions exhibit the cluster property
and decline as the support of arguments separate. CW 2n(s
∗
n sn) is negligible if for a j 6= k,
‖ξj−ξk‖ increases without bound with sn a product (8) of Gaussian minimum packet functions
centered on locations ξk. Within the original Wightman axioms, this decomposition is the
link-cluster expansion [13,22] and the connected functions CW n((x)n) are known as truncated
VEV. The link-cluster expansion results when there is a Hermitian field and a distinct link-
cluster-like expansion applies for UQFT [9]. In UQFT with a single Lorentz scalar field, the
two-point connected VEV are Pauli-Jordan positive frequency (generalized) functions.
CW˜ 2(p1, p2) := δ(p1 + p2) 2ω1δ(p
2
1 −m2)θ(−E1)δ(p22 −m2)θ(E2),
a convenient equivalent to the more familiar representation of the Pauli-Jordan function as the
Fourier transform of
CW˜ 2(p1, p2) = θ(E2)δ(p
2
2 −m2)δ(p1 + p2).
The VEV for the selected UQFT are inverse Fourier transforms of elementary generalized
functions [21]. The forward contribution to the 2n point VEV consists of a product of two-point
connected functions with momenta equal in pairs. Limited to B, the forward contribution to
the 2n point VEV coincides with the W˜2n((p)2n) of a free field.
F W˜2n((p)2n) =
∑
pairs
n∏
k=1
2ωkδ(pk − pik) δ(p2k −m2)θ(−Ek)δ(p2ik −m2)θ(Eik) (18)
with the summation over the n! distinct pairs (1, i1), . . . (n, in) with ik ∈ {n + 1, . . . 2n}. The
connected contributions to the n point VEV Wn((x)n) for 2n ≥ 4 determine the interaction
and have the Fourier transforms
CW˜ n((p)n) = cn δ(p1 + p2 . . .+ pn)
n∏
k=1
δ(p2k −m2). (19)
At least three spacetime dimensions are required for (19) to define a generalized function [9,10],
and four dimensions are required to include m = 0 [24]. More generally for a single Lorentz
scalar field, CW˜ 2n((p)2n) includes a factor Qn,2n((p)2n) of a function symmetric under inter-
change of any two momentum arguments pk and pj when either 1 ≤ k, j ≤ n or n+1 ≤ k, j ≤ 2n.
Examples of Qn,2n((p)2n) are in [10,11]. cn sets the relative strength of the connected contri-
butions with respect to the forward contributions. The cn are the moments of a nonnegative
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measure, and cn has the units of (length)
n−4. For four and six arguments,
W4((x)4) =
CW 4((x)4) +
CW 2(x1, x3)
CW 2(x2, x4) +
CW 2(x1, x4)
CW 2(x2, x3)
W6((x)6) =
CW 6((x)6) +
1
9
∑
pairs
3∑
k=1
CW 2(xk, xik)
CW 4(x[k+1], x[k+2], xi[k+1] , xi[k+2])
+
∑
pairs
CW 2(x1, xi1)
CW 2(x2, xi2)
CW 2(x3, xi4).
These expressions apply in B and expressions that encompassA are in [9]. The combinatoric fac-
tor 1/9 and the lack of contributions from terms with factors such as CW 2(x1, x2) distinguish the
UQFT expansion from the link-cluster expansion in Wightman QFT. Here, [j] ∈ {1, 2, 3} and
is equivalent to j modulo 3. The summation over pairs consists of all selections for i1, i2, i3 that
are permutations of {4, 5, 6} without regard to order: the 3 distinct pairings (k, ik) for the prod-
uct of a two-point and a four-point connected function, and 3! distinct pairs (1, i1)(2, i2)(3, i3)
for the product of three two-point functions.
An abbreviated notation introduced in Section 1.3 is used for the decomposition of scalar
products into forward, partially factored, and connected contributions.
F (λ, τ) + c2nC(λ, τ) := 〈U(λ)s(λ)|U(τ)s(τ)〉 (20)
with the designations F (λ, τ) for all forward VEV contributions and c2nC(λ, τ) for all connected
VEV contributions. F + c2nC is an abbreviated notation to describe the full link-cluster-
like expansion and the partially factored contributions are implicit. From (18), the forward
contributions to the scalar product are
F (λ, τ) :=
∫
d(x)2n
FW 2n((x)2n)sn((x− λ)n;λ)∗sn((x− τ)n+1,2n; τ) (21)
with sn((x)n; τ) ∈ B and
(x− λ)j,k = tj − λ,xj , . . . , tk − λ,xk.
From (19), the connected contributions are
c2nC(λ, τ) :=
∫
d(x)2n
CW 2n((x)2n)sn((x− λ)n;λ)∗sn((x− τ)n+1,2n; τ). (22)
2 States with classical descriptions
Gaussian minimum packet functions and the trajectories of nonrelativistic classical particles are
described in this section. Elements of B correspond to products of Gaussian minimum packet
functions and label states of a UQFT. Trajectories that are solutions to Newton’s equations for
1/r potentials naturally associate with Gaussian minimum packet functions.
2.1 Classical, nonrelativistic trajectories
Classical trajectories ξk(λ) are functions from a real temporal parameter λ to an R
3 configu-
ration space. The ξk(λ) have units of length and k labels one of a set of n trajectories. To
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establish a nonrelativistic classical correspondence, classical trajectories with nonrelativistic rel-
ative velocities are necessary to diminish the likelihood of particle creation or annihilation and
achieve a persistent correspondence of relativistic quantum physics with classical particles. To
identify dominant regions in the support of the functions describing the quantum states as clas-
sical objects requires both that particle number changes are negligible and that the dominant
regions remain isolated.
Momenta qk are related to the trajectories by
qk(λ) :=
1
λc
γk ξ˙k(λ) (23)
with λc the Compton wavelength (7) and
γk :=
1√
1− ξ˙2k
.
ξ˙k(λ) is the first derivative with respect to λ of ξk(λ). Energies are ω(qk) from (1) and then
q2k = λ
−2
c .
In the nonrelativistic limit, relative velocities are much less than the speed of light and
in coordinates collocated with the center of mass, ξ˙k(λ)
2 ≪ 1. As a consequence, to first
contributing order in the ξ˙k,
qk ≈ 1
λc
ξ˙k
and
ω(qk) ≈ 1
λc
(1 +
ξ˙2k
2
). (24)
When ξ˙2k ≪ 1, (~qk)2 ≪ (mc)2.
The classical potential energy of an assembly of n particles is
mc2V (λ) :=
n∑
j=1
n∑
k>j
Φjk(‖ξj(λ)− ξk(λ)‖) (25)
with Φjk(r) = Φkj(r) the pair potential. Below, it is convenient to express results in terms of
this potential energy and
I(λ) :=
1
2
n∑
k=1
ξk(λ)
2
T (λ) :=
1
2
n∑
k=1
ξ˙k(λ)
2.
(26)
mI is the scalar moment of inertia about the origin and mc2T is the nonrelativistic kinetic
energy of the assembly of n classical particles all of mass m. The classical quantities I, T and
V are functions of the trajectories ξk(λ) or first derivatives ξ˙k(λ).
Newton’s equation of motion is
ξ¨k = − ∂V
∂ξk
. (27)
For trajectories ξk(λ) that satisfy Newton’s equation, the classical total energy
eC :=
E
mc2
= T (λ) + V (λ) (28)
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is a constant of the motion.
Total momentum is a constant of the motion for the set of trajectories ξk(λ) [27]. From
the Poincare´ covariance of the UQFT, there is no loss of generality from selection of an inertial
coordinate frame collocated with the classical center of mass. In this frame,
n∑
j=1
ξj(λ) =
n∑
j=1
ξ˙j(λ) = 0
for all λ.
2.2 Minimum packet states
In ordinary, nonrelativistic quantum mechanics, states are described by equivalence classes of
square-summable functions, time is an independent parameter, and position X and momentum
P are Hermitian Hilbert space operators realized in L2(R3) by X = x and P = −i~∇. In or-
dinary quantum mechanics, minimum packet functions label quantum states with descriptions
that are most nearly classical in the sense that the states have a simultaneously determined
position and momentum to the greatest degree consistent with nature. For minimum packet
functions, the geometric means of the variances in positions and momenta achieve the Heisen-
berg bound.
A classical trajectory ξk(λ) describes a family of minimum packet functions; a family param-
eterized by the temporal parameter λ. These functions are peaked on positions and momenta
described by the classical trajectory ξk(λ). The Fourier transforms of this family of minimum
packet functions are Schwartz tempered functions
ϕ˜(p; ξk, λ) :=
L30√
π3
exp
(−ℓ20(p− qk)2 + i(p− qk)·ξk) . (29)
The complex parameter
ℓ20 := L0(λ)
2 − iλc
2
λ
is a function of λ. L0 is abbreviated notation for the real, positive definite function L0(λ),
and λc is the Compton wavelength (7). qk is the momentum from (23). States are rays in
the Hilbert space and (29) is a convenient selection for magnitude and phase. The Gaussian
minimum packet functions are the three dimensional inverse Fourier transforms of (29),
ϕ(x) := ϕ(x; ξk, λ) =
1√
(2π)3
L30
ℓ30
exp
(
−(x− ξk)
2
4ℓ20
− iqk ·x
)
. (30)
With the designation 〈T 〉2 := N−1
∫
dx ϕ(x) Tϕ(x) for an L2 operator T , the normalization
N :=
∫
dx |ϕ(x)|2 results in
〈X〉2 = ξk
〈P 〉2 = qk
σ2X = 〈(X − 〈X〉2)2〉2 = L20 + λ2cλ2/4L20
σ2P = 〈(P − 〈P 〉2)2〉2 = 1/4L20
σXσP =
1
2
√
1 + λ2cλ
2/4L40,
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the minimum consistent with the Heisenberg uncertainty at λ = 0. L0 increasing without bound
provides a delta sequence.
δL0(s) :=
L0√
π
e−L
2
0s
2 ≈ δ(s). (31)
These delta sequences approximate plane wave states that are generalized eigenvectors of the
UQFT Hamiltonian (6) but not elements of the Hilbert space.
Elements of the Hilbert space are labeled by functions from B. The products of minimum
packet functions (29) and Ek + ωk are the functions from B used to describe the classical, par-
ticle states in (8). From (2) and ϕ˜n((p)n) ∈ S(R3n) ⊂ A, Schwartz test functions of momenta
generate functions in B. Ek and ωk are multipliers [21] of spacetime Schwartz functions. The
spatial support of Gaussian minimum packet functions is concentrated in a neighborhood of
ξk(λ) of extent proportional to the square root of L
2
0 + λ
2
cλ
2/4L20. This support can be arbi-
trarily dominantly within a small neighborhood when L0 and λ are small, a result that persists
with multiplication by Ek + ωk. Multiplication by Ek corresponds to a differentiation with
respect to time. Multiplication by ωk transforms a spacetime Schwartz function of bounded
spatial support to an anti-local function, a function that does not vanish in any spatial neigh-
borhood [28,29,30]. Nevertheless, a minimum packet function dominantly supported in a small
neighborhood remains dominantly supported in a small neighborhood after multiplication by
ωk due to the rapid decline of Gaussian functions.
In [25], it is demonstrated that to first contributing order in small λ and for nonrelativistic
relative velocities, temporal translations of the UQFT states are equivalent to translations of
the support of minimum packet function labels. These translations are along classical trajecto-
ries that satisfy Newton’s equation (27) for a 1/r potential. A stronger statement of the result is:
Lemma 1: For the n particle minimum packet functions (29) with momentum spread
lengths L0(λ) that are continuous functions of λ and in the nonrelativistic limit, the dominant
regions in the support of the functions traverse the classical trajectories of a 1/r potential
asymptotically at small λ,
|s(0)〉 = |U(λ)s(λ)〉.
The demonstration follows from approximation of the functions labeling the state |U(λ)s(λ)〉.
If
e−iωkλϕ˜(p; ξk, λ)e
iφk(λ) ≈ ϕ˜(p; ξk, 0)
to first order in λ, then the lemma results from the definition (8) of the functions that label
the states |s(λ)〉, the form of the UQFT Hamiltonian (6), and that equality as states allows
a phase difference. Due to the limitation of the support of the VEV to mass shells and the
rapid decline of the minimum packet functions, multiplication by Ek + ωk is multiplication by
2ωk ≈ 2/λc in the nonrelativistic limit and the indicated equality of minimum packet functions
suffices to demonstrate the lemma.
The inverse Fourier transform of the time translated minimum packet function (29) multi-
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plied by the unimodular factor from a selected phase φk(λ) is
U(λ)ϕ(x; ξk , λ)e
iφk(λ) =
∫
dp
(2π)
3
2
e−ip·xe−iω(p)λϕ˜(p; ξk, λ)e
iφk(λ)
=
L30
(2π2)
3
2
∫
dp e−ip·x−iω(p)λ−ℓ
2
0(p−qk)
2+i(p−qk)·ξk+iφk(λ)
≈ L
3
0
(2π2)
3
2
e−iqk·x
∫
dp′ e−ip
′·x−i 1
2λc
ξ˙2
k
λ−ip′·ξ˙k λ−L
2
0p
′2+ip′·ξk+i
λ
nλc
eC
=
1
(2π)
3
2
exp
(
−(x− ξk + λξ˙k)
2
4L20
)
e−i
1
λc
ξ˙k·x−i
1
2λc
ξ˙2
k
λ+i λ
nλc
eC
(32)
with ξk and L0 evaluated at λ. This result used a change of summation variable to p
′ := p−qk,
a substitution for ωk valid for nonrelativistic momenta, a substitution for φk(λ), the relation
(23) between qk and ξ˙k, and the Gaussian summation∫ ∞
−∞
ds e−αs
2+βs =
√
π
eβ
2/(4α)
√
α
(33)
for ℜe(α) > 0. When the classical trajectory is nonrelativistic and the momentum support of
the packet is sufficiently limited near qk that
ωk ≈ ω(qk) + qk · (pk − qk)
ω(qk)
+
(pk − qk)2
2ω(qk)
, (34)
then the nonrelativistic approximation
ω(qk) ≈ 1
λc
+
ξ˙2k
2λc
,
from (24) and the selection of phase
φk(λ) :=
1
λc
(1 +
eC
n
)λ
result in the expression (32) above. The classical energy eC from (28) is a constant for trajec-
tories that satisfy Newton’s equation (27). Justification of the nonrelativistic expansion (34)
and a demonstration that (32) is equal to ϕ(x; ξk, 0) to first order in λ complete the lemma.
(34) derives from Taylor’s theorem that results in the approximation
ωk ≈ ω(qk) + qk · (pk − qk)
ω(qk)
+
(pk − qk)2
2ω(qk)
− (qk · (pk − qk))
2
2ω(qk)3
and the Cauchy-Schwarz-Bunyakovski inequality provides that
(qk · (pk − qk))2 ≤ q2k (pk − qk)2.
For nonrelativistic classical velocities
q2k ≪ ω(qk)2
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and the second term in the second order correction in the Taylor series is negligible for the
nonrelativistic approximation. From
p2k = (pk − qk + qk)2 = (pk − qk)2 − 2qk · (pk − qk) + q2k,
a bound on the error in (34) is∣∣∣∣ωk − ω(qk)− qk · (pk − qk)ω(qk) − (pk − qk)
2
2ω(qk)
∣∣∣∣ ≤ λ3c4 (p2k − q2k)2. (35)
Then, p2k−q2k = (pk−qk) ·(pk+qk), 1 ≤ λcω(qk), the Cauchy-Schwarz-Bunyakovski inequality
and the parallelogram law result in the convenient bound
1
4
(p2k − q2k)2 ≤
1
2
(pk − qk)4 + 2q2k (pk − qk)2
in terms of ‖pk−qk‖. The error vanishes at the peak of the momentum support of the minimum
packet. When
‖pk − qk‖ ≪ 1
λc
≤ ωk,
the error in (34) is negligible with respect to ωk. The dominant support of the minimum packet
is in a neighborhood of qj of scale proportional to 1/L0 and the nonrelativistic approximation
is accurate when L0 is bounded from below.
‖pk − qk‖ ∼ 1
L0
≪ 1
λc
or
λc ≪ L0. (36)
Equality of (32) with ϕ(x; ξk, 0) follows for the particular choice of a 1/r potential,
Φkj(‖ξk − ξj‖) = −g‖ξk − ξj‖ . (37)
A property of the 1/r potential, equal and opposite actions, the definition (25) of V and
Newton’s equation (27) provides that
V =
n∑
k=1
ξ¨k ·ξk.
This relation follows from the chain rule for derivatives applied to the potential (25) with the
substitution of the 1/r potential (37). From
g
r
= −
(
∇g
r
)
· ξ = −
(
∂
∂r
g
r
)(
∂r
∂ξx
ξx +
∂r
∂ξy
ξy +
∂r
∂ξz
ξz
)
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with r := ‖ξ‖, it follows that
V = −
n∑
k=1
n∑
j>k
∂Φkj(‖ξk − ξj‖)
∂(ξk − ξj)
· (ξk − ξj)
= −
n∑
k=1
n∑
j>k
(
∂Φkj(‖ξk − ξj‖)
∂ξk
· ξk +
∂Φkj(‖ξk − ξj‖)
∂ξj
· ξj
)
= −
n∑
k=1
n∑
j 6=k
∂Φkj(‖ξk − ξj‖)
∂ξk
· ξk
= −
n∑
k=1
dV
dξk
·ξk.
Substitution of Newton’s equation of motion (27) results in the desired identity. An upper
bound on L0 permits the approximation
V =
n∑
k=1
ξ¨k ·x+
n∑
k=1
ξ¨k ·(ξk − x)
≈
n∑
k=1
ξ¨k ·x
(38)
with no error at the peak of the support the minimum packet function.
The product over the approximations (32) to n minimum packet functions includes unimod-
ular factors from the selection for phases φk(λ) . These factors result in
n∏
k=1
ei
λ
λcn
eC = ei
λ
λc
eC
=
n∏
k=1
ei
λ
2λc
ξ˙k(λ)
2+i λ
λc
ξ¨k·x
from the substitutions
eC =
n∑
k=1
ξ˙2k
2
+ V
from the definition of kinetic energy (26) and total energy (28), and V from (38). The indicated
substitutions in the final line of (32) in the corresponding factor for each minimum packet
function labeled k in (8) results in
U(λ)ϕ(x; ξk , λ)e
iφk(λ) ≈ 1√
(2π)3
exp
(
−(x− ξk + λξ˙k)
2
4L20
)
e−i
1
λc
(ξ˙k−ξ¨kλ)·x
with ξk, ξ˙k, ξ¨k and L0 evaluated at λ. For sufficiently small λ,
ξk(0) ≈ ξk(λ)− λξ˙k(λ)
from Taylor’s theorem. This substitution results in the asymptotic equality at small λ of the
inverse Fourier transforms of
e−iωkλϕ˜(pk; ξk, λ)e
iφk(λ) ≈ ϕ˜(pk; ξk, 0)
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in the nonrelativistic, classical particle approximation and when L0(λ) is constant. Variation of
L0 with λ modifies the extent of the packet but not the location of the peak. As a consequence,
a continuous L0(λ) suffices for the result to apply asymptotically for small λ to the trajectory
of the dominant support of the minimum packet function and demonstrates the lemma.
To second order in the nonrelativistic approximation to the energies ωk, the imaginary
contribution to ℓ0 in ϕ˜(pk; ξk, λ) is removed by the time translation U(λ) and a Gaussian
packet shape (29) is preserved by time translation.
These considerations put both upper and lower bounds on L0. The lower bound (36)
implements a nonrelativistic approximation and the accuracy of the approximation (38) is
satisfied if there is an appropriate upper bound on L0. Newton’s equation (27), the 1/r potential
(37), and the Cauchy-Schwarz-Bunyakovski inequality provides that
|ξ¨k · (x− ξk)| ≤ ‖ξ¨‖ ‖x− ξk‖ < g
r2a
k0 σX
with ra the closest approach of any two trajectories at the time λ of interest. The support of
the minimum packet functions is dominantly within a neighborhood ‖x − ξk‖ < k0 σX with
3 < k0 < 10 typically sufficing. An estimate for the error in the approximations (38) results
from the dominant term of the potential energy V , the term for the pair at the closest approach.
|ξ¨k · (x− ξk)| ≤ g
r2a
k0 σX ≪ g
ra
.
This is equivalent to √
L20 + λ
2
cλ
2/4L20 = σX ≪ ra
and provides that to high likelihood, the trajectories are identifiable and remain distinct. The
lower bound on L0 (36) is combined with the upper bound from satisfaction of (38) to determine
the minimum packet functions that correspond to nonrelativistic classical particles. The result
is one of the nonrelativistic classical particle conditions (15) of Section 1.2.
The equivalence of small temporal translations with translation of corresponding particles
along the classical trajectories is independent of the VEV. The 1/r potential is associated with
the minimum packet functions independently of the VEV. This small λ result is a property of
minimum packet states and that the quantum states can be localized in time. This localization
applies to UQFT that include states labeled by minimum packet functions within B with point
support in time.
3 Scalar products of minimum packet UQFT states
In this section, the scalar products (4) of states described by time translated, n particle, min-
imum packet states (8) are evaluated. The scalar products of interest (14) in evaluation of
Born’s rule transition amplitudes (11) derive from
〈U(λ)s(λ)|s(0)〉
with λ ≥ 0. The growth in the uncertainty in location implied by an initial uncertainty
in momentum generally increases with time and establishes a direction to time. The scalar
product is evaluated for states associated with classical trajectories that propagate forward in
time from an initial state.
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In the nonrelativistic approximation, the apparently more general 〈U(λ)s(λ)|U(τ)s(τ)〉 re-
sults from 〈U(λ)s(λ)|s(0)〉 using the unitary implementation of time translation and a trans-
lation of the temporal parameter of the classical trajectories. Unitary implementation of time
translation provides that
〈U(λ)s(λ)|U(τ)s(τ)〉 = 〈U(λ− τ)s(λ)|s(τ)〉
when λ ≥ τ . Translation invariance of the Wightman functions and a temporal translation in
the parameterization of the classical trajectories result in
〈U(λ− τ)s(λ− τ)|s(0)〉 7→ 〈U(λ)s(λ)|U(τ)s(τ)〉 (39)
using
ξk(τ
′) 7→ ξk(τ ′ + τ)
and that the temporal dependence of the sn(λ) outside of the iλcλ/2 contribution to ℓ
2
0 in (29)
is due entirely to the ξk(λ) since from (16), the λ dependence of L0(λ) derives from the ξk(λ).
The comment following the demonstration of Lemma 1 provides that the imaginary component
of ℓ20 in sn(λ) compensates for the time translation U(λ), and to comparable accuracy as the
nonrelativistic approximation, this dependence can also be translated. The scalar products are
determined to satisfy
〈U(λ)s(λ)|U(τ)s(τ)〉 = 〈U(τ)s(τ)|U(λ)s(λ)〉
for all λ, τ .
From (20) in Section 1.4, the scalar product (14) includes forward and connected contribu-
tions F (λ, 0) and c2nC(λ, 0). These contributions are evaluated in the following sections.
3.1 Connected contributions
The connected contributions c2nC(λ, τ) to the scalar product (14) are evaluated in this section
for UQFT VEV and minimum packet functions s˜n((p)n;λ) ∈ B centered on classical, n particle
trajectories.
The result is developed for a general set of trajectories ξk(λ) but the statement of the lemma
is simplified to apply for trajectories that conserve the classical momentum. The lemma applies
in a coordinate frame collocated with the classical center of mass. There is no loss in generality
in this selection due to the Poincare´ invariance of the scalar product and classical momentum
conservation. Intermediate results include the case of a generally specified set of (q)n used in
the evaluation of plane wave limit scattering amplitudes.
Lemma 2: For the connected VEV (19) and minimum packet functions (8), the connected
contributions (22) to the scalar product (14) are
C(λ, τ) =
L3e e
iθC
(2πn)2
√
â2
e−n(â
2 b̂2−â·b
2
)/2â2e−(δT )
2/2nâ2 (40)
in nonrelativistic classical particle instances (15) in coordinates collocated with the classical
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center of mass, and with
δT :=
1
λc
(T (λ)− T (τ))
θC := n
1
λc
(λ− τ) + 1
λc
(T (λ)λ− T (τ) τ)− â · b
â2
δT
1
L2e
:=
1
2L0(λ)2
+
1
2L0(τ)2
.
(41)
â2, b̂2 and â · b are determined by the classical trajectories ξk(λ). (26) results in
â2 =
1
n
(
T (λ)
L0(λ)2
+
T (τ)
L0(τ)2
)
b̂2 =
1
n
(
I(λ)− λI˙(λ) + λ2T (λ)
L0(λ)2
+
I(τ)− τ I˙(τ) + τ2T (τ)
L0(τ)2
)
â · b = 1
n
(
1
2 I˙(λ)− λT (λ)
L0(λ)2
+
1
2 I˙(τ)− τT (τ)
L0(τ)2
) (42)
and â = 0, b̂ = 0 in the selected coordinate frame.
Substitution and simplification results in the identity
â2b̂2 − â · b2 =
(
T (λ)
nL0(λ)2
+
T (τ)
nL0(τ)2
)(
I(λ)
nL0(λ)2
+
I(τ)
nL0(τ)2
)
−14
(
I˙(λ)
nL0(λ)2
+
I˙(τ)
nL0(τ)2
)2
+ (λ− τ) T (λ)
nL0(λ)2
I˙(τ)
nL0(τ)2
−(λ− τ) T (τ)
nL0(τ)2
I˙(λ)
nL0(λ)2
+ (λ− τ)2 T (λ)
nL0(λ)2
T (τ)
nL0(τ)2
.
(43)
The λ dependence external to the ξk and L0 in the magnitude of C(λ, τ) appears as λ− τ .
The demonstration evaluates the connected contribution to 〈U(λ)s(λ)|s(0)〉 and then uses
(39) to evaluate the more general case. The development begins with substitution of the
minimum packet functions (8) into the connected VEV (19) with τ = 0.
C(λ, 0) =
∫
d(p)2n δ(pˆ1 . . .+pˆn−pˆn+1 . . .−pˆ2n)×
L0(λ)
3n
n∏
j=1
eiωjλ ϕ˜(pj ; ξj, λ) L0(0)
3n
2n∏
j=n+1
ϕ˜(pj ; ξj , 0)
with the designation
pˆk := ωk,pk
using (1) for energy-momentum vectors on the positive energy mass shell. The definition (5)
of the ∗-mapped functions, relabeling of the first n momentum summations pj 7→ −pj , the
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symmetry of the VEV (19), the UQFT Hamiltonian (6), and evaluation of the mass shell deltas
result in the expression.
The Fourier transforms of the energy-momentum conserving delta generalized function and
substitution for the minimum packet functions (29) results in
C(λ, 0) =
∫
d(p)2n
∫
du
(2π)4
1
π3n
2n∏
k=1
L3ke
iskpˆkue−iskωkτke−ℓ
2
k
(pk−qk)
2+isk(pk−qk)·ξk
with the shorthand notation
sk = −1, sn+k = 1
τk = λ, τn+k = 0
Lk = L0(λ), Ln+k = L0(0)
ℓ2k = L0(λ)
2 − i12λcλ, ℓ2n+k = L0(0)2
ξj = ξj(λ), ξn+j = ξj(0)
qj = qj(λ) qn+j = qj(0)
(44)
with 1 ≤ j ≤ n.
Substitution for pˆk with the approximation (34) for ωk, the expression (23) for qk from ξ˙k,
and the nonrelativistic approximation λcω(qk) ≈ 1 from (24) provides that
pˆku− ωkτk = ωk(u0 − τk)− pk ·u
≈ (ω(qk) + qk·(pk−qk)ω(qk) +
(pk−qk)
2
2ω(qk)
)(u0 − τk)− pk ·u
≈ (ω(qk) + ξ˙k ·(pk − qk) + 12λc(pk − qk)2)(u0 − τk)− pk ·u.
For minimum packet functions of sufficient extent for accuracy of the nonrelativistic ap-
proximation (15), the scalar product is readily estimated. Relabeling the summations using
p′k := pk − qk, dropping the prime in the notation, and reorganizing the exponents results in
C(λ, 0) =
∫
d(p)2n
π3n
∫
du
(2π)4
2n∏
k=1
L3k e
iω(qk)sk(u0−τk)+iskqk·ueiskpk·(ξ˙k(u0−τk)−u+ξk)e−L
2
k
p2
k .
Designate
δq :=
2n∑
j=1
sjqj =
1
λc
 n∑
j=1
ξ˙j(0)−
n∑
j=1
ξ˙j(λ)
 . (45)
To first contributing order for nonrelativistic classical velocities in the approximation (24) for
ω(qk), designate
δT :=
2n∑
j=1
sjω(qj)
≈ 1
2λc
 n∑
j=1
ξ˙j(0)
2 −
n∑
j=1
ξ˙j(λ)
2

=
1
λc
(T (0)− T (λ))
(46)
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and
φT := −
2n∑
j=1
sjω(qj) τj
≈
n∑
j=1
(
1
λc
(1 +
ξ˙j(λ)
2
2
)λ
)
=
n
λc
λ+
1
λc
T (λ)λ.
δq, δT and φT are independent of u and (p)2n. Conservation of momentum in the classical model
provides that δq = 0, but for this calculation of the connected contribution to the scalar product
(14), more general sets of trajectories ξk(λ), in particular, scalar products considered in the
evaluation of scattering amplitudes, are included. The result after the indicated substitutions
is
C(λ, 0) = eiφT
∫
d(p)2n
π3n
∫
du
(2π)4
ei δTu0+iδq·u
2n∏
k=1
L3ke
iskpk·(ξ˙k(u0−τk)−u+ξk)e−L
2
k
p2
k .
The result is a Fourier transform of the product of Gaussian functions e−L
2
k
p2
k
+iβk·pk and
a summation over u. From the Gaussian summations (33) and s2j = 1, the Fourier transforms
result in
C(λ, 0) = C1
∫
du ei δTu0+iδq·u
2n∏
k=1
e−(ξ˙k(u0−τk)−u+ξk)
2/(4L2
k
)
with
C1 :=
eiφT
(2π)4
.
From (44) and with 1 ≤ k ≤ n, the notation is simplified by the designations
ak := ξ˙k(λ), an+k := ξ˙k(0)
bk := ξk(λ)− ξ˙k(λ)λ, bn+k := ξk(0).
(47)
Weighted means are designated as
ŷ :=
1
2n
2n∑
j=1
yj
L2j
(48)
and in particular, designate
1
L2e
:= 1̂ =
1
2n
2n∑
k=1
1
L2k
=
1
2L0(λ)2
+
1
2L0(0)2
. (49)
ŷ is applied for yk = a
2
k,b
2
k,ak ·bk and for each of the components of the spatial vectors ak and
bk. The bk have the units of length, the ak are without units, L0(λ) and λ are lengths, and
u = u0,u is a spacetime vector of lengths.
Substitution of the definitions (26) for T, I, I˙ and of ak,bk from (44) in ŷ result in the
expressions for â2, b̂2 and â · b in terms of T (λ), I(λ), I˙(λ) and L0(λ) presented in the statement
of Lemma 2 as (42). This evaluation applies in a coordinate frame collocated with the classical
center of mass for trajectories that exhibit conservation of momentum. In such a frame, â =
b̂ = 0.
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Substitution of (47) and (48) in an exponent in the expression for C(λ, 0) results in
2n∑
k=1
(ξ˙k(u0 − τk)− u+ ξk)2
4L2k
=
2n∑
k=1
(aku0 − u+ bk)2
4L2k
=
n
2
(â2 u20 +
u2
L2e
+ b̂2 − 2â · uu0 + 2â · b u0 − 2b̂ · u).
This substitution, (42) and (49) result in
C(λ, 0) = C1
∫
du ei δT u0 e−n(u
2/L2e+â
2 u20+b̂
2+2â·bu0)/2e(iδq+nu0â+nb̂)·u.
The u summations result in
C(λ, 0) = C1
(
2πL2e
n
) 3
2
∫
du0 e
i δT u0 e−n(â
2 u20+b̂
2+2â·bu0)/2eL
2
e(iδq+nu0â+nb̂)
2/2n.
Finally, the u0 summation results in
C(λ, 0) = kC e
−n(v̂(a2) v̂(b2)−v̂(a·b)2)/(2v̂(a2))e−(δT+L
2
eδq·â)
2/(2nv̂(a2))e−L
2
eδq
2/(2n) (50)
with
kC = C1
(
2πL2e
n
) 3
2
(
2π
nv̂(a2)
) 1
2
e−i(δT+L
2
eδq·â) v̂(a·b)/v̂(a
2)eiL
2
eδq·b̂
and
v̂(x · y) := x̂ · y− L2e x̂ · ŷ
for spatial vectors x and y. This is the connected contribution to the scalar product (14)
for states labeled by n particle minimum packet functions in the nonrelativistic limit. For
trajectories that satisfy Newton’s equation, momentum is conserved and as a consequence
δq = 0 and Poincare´ invariance enables selection of a coordinate frame with â = b̂ = 0. For
these trajectories in the selected coordinate frame, the result simplifies to (40).
From
â · b = 1
2n
2n∑
k=1
akbk
L2k
,
the Cauchy-Schwarz-Bunyakovski inequality provides that
â · b2 ≤ â2 b̂2
and the exponential functions in (40) are less than unity in magnitude. Also from the Cauchy-
Schwarz-Bunyakovski inequality, v̂(a2) and v̂(b2) are both definite in cases of interest, that is,
not all aj = 0 nor bj = 0.
The nonrelativistic approximation to exp(iωkλ) degrades for large periods. With ǫ the error
in the approximation for ωk, approximation of exp(iωkλ) will have degraded significantly unless
ǫλ≪ π. From the bound (35) on the error in the approximation of ωk,
|ǫ| ≤ (pk − qk)
4
2ω(qk)3
+
2q2j (pk − qk)2
ω(qk)3
≈ 1
2
λ3c(pk − qk)4 + 2λcξ˙2j (pk − qk)2
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from (23). The significant support of the minimum packet functions (29) is within
L20(pk − qk)2 ≤ k20
for 3 ≤ k0 ≤ 10 typically sufficing. For evolution from λ = 0 forward, the approximation will
apply for
λ (
λ3c
2L0(λ)4
+ 2ξ˙2j
λc
L0(λ)2
)≪ π.
The bound on λ results from the strongest constraint that occurs in the selected center of mass
coordinate frame over 1 ≤ j ≤ n. Then, the nonrelativistic approximation in the evaluation of
〈U(λ)s(λ)|s(0)〉 applies when
0 ≤ λ≪ π
2λc
L0(λ)
2
λ2c/4L0(λ)
2 +maxj ξ˙
2
j
. (51)
The nonrelativistic approximation degrades for particle-like states, those with small L0. An
L0(λ) → ∞ as λ → ∞ is sufficient to ensure that the approximations apply for large periods.
In strictly bound cases, the nonrelativistic approximations fail beyond a limited period.
3.2 Forward contributions
The forward contributions F (λ, τ) to the scalar product (14) are evaluated in this section for
UQFT VEV and minimum packet functions s˜n((p)n;λ) ∈ B centered on classical, n particle
trajectories (8).
Lemma 3: For the forward VEV (18) and minimum packet functions (8), the forward
contributions (21) to the scalar product (14) are
F (λ, τ) ≈
(
1
2π
) 3n
2
(
2
λc
)n
L3ne e
iθF
∑
pairs
n∏
k=1
e−L
2
e(qk−qik )
2/2e−(ξk−λ ξ˙k−ξik+τ ξ˙ik )
2/4L2seiθkik (52)
in nonrelativistic classical particle instances with
L2s := L0(λ)
2 + L0(τ)
2
θF := n
1
λc
(λ− τ) + 1
λc
(T (λ)λ− T (τ)τ)
θkik := (qik − qk) ·
L0(λ)
2 (ξik − τ ξ˙ik) + L0(τ)2 (ξk − λ ξ˙k)
L2s
and L2e from (41).
From (41), θC = θF − δT â · b/â2 and θF is an immaterial, overall phase of the ray repre-
senting the state.
The demonstration evaluates the forward contribution to 〈U(λ)s(λ)|s(0)〉 and again uses
(39) for the more general case. The development of (52) is similar to the development of (40)
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and begins with evaluation of the mass shell delta functions after substitution of the minimum
packet functions (8) into the forward VEV (18).
F (λ, 0) =
∫
d(p)2n
∑
pairs
n∏
k=1
2ωkδ(pk − pik)×
L0(λ)
3nL0(0)
3n
n∏
j=1
eiωjλ ϕ˜(pj ; ξj , λ)
2n∏
=n+1
ϕ˜(p; ξ, 0)
=
∫
d(p)2n
π3n
∑
pairs
n∏
k=1
2ωkδ(pk − pik)×
2n∏
j=1
L3je
−isjωjτje−ℓ
2
j (pj−qj)
2+isj(pj−qj)·ξj .
Again, the definition (5) of the ∗-mapped function, relabeling of the first n momentum summa-
tion variables pj 7→ −pj, evaluation of the mass shell deltas, and the notation of (44) simplify
the expression. Evaluation of the n momentum delta functions, and the nonrelativistic approx-
imation (34) accurate for minimum packet functions of appropriate size (15) and nonrelativistic
relative motion produces
F (λ, 0) = eiθF
∫
d(p)n
π3n
∑
pairs
n∏
k=1
2ωk×
L3ke
iξ˙k ·(pk−qk)λe−L
2
k
(pk−qk)
2−i(pk−qk)·ξk×
L3ike
−L2ik
(pk−qik )
2+i(pk−qik )·ξik .
The remaining n momentum summations follow from an approximation using the first con-
tribution in the nonrelativistic limit of λcωk ≈ 1 from (24) and the Gaussian quadrature
L3kL
3
j
∫
dp e−L
2
k
(p−qk)
2+i(p−qk)·hke−L
2
j (p−qj)
2+i(p−qj)·hj
=
(
L2eπ
2
) 3
2
e−L
2
e(qk−qj)
2/2−(hk−hj)
2/4(L2
k
+L2j )eiθkj
with Lk = L0(λ), Lj = L0(0), hk := ξk(λ)− λξ˙k(λ), hj := ξik(0), qj = qik(0) and
θkj := (qj(0)− qk(λ)) ·
L2k hj + L
2
j hk
L2k + L
2
j
.
The indicated substitutions and L2e from (41) result in the desired expression (52).
The forward contribution to 〈U(λ)s(λ)|s(0)〉 is small in instances with sufficiently distinct
incoming from outgoing momenta,
Ls‖qk(λ)− qj(0)‖ ≫ 1
with j, k ∈ {1, . . . n}, or for sufficiently great deviations from linear trajectories,
‖ξk(λ)− ξ˙k(λ)λ− ξj(0)‖ ≫ Ls.
The close approach of distinct trajectories is precluded by the bounds (15) on L0(λ).
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3.3 Normalizations and plane wave scattering amplitudes
The normalizations for UQFT states labeled by minimum packet functions (8) include connected
and forward contributions from (40) and (52). (20) from Section 1.4 expresses the norm (3) as
‖s(λ)‖2B = F (λ, λ) + c2nC(λ, λ).
The scattering cross section is evaluated from a plane wave, large time limit of Born rule
transition likelihoods (11).
When τ = λ, evaluation of the scalar product (14) results in
δT = θC = θF = 0
Le = L0(λ)
L2s = 2L0(λ)
2
from the introductory discussion of Section 3, and (40) and (52) from Lemmas 2 and 3. When
τ = λ,
â2 =
2T (λ)
nL0(λ)2
, b̂2 =
2I(λ)
nL0(λ)2
, â · b = I˙(λ)
nL0(λ)2
and
â2b̂2 − â · b2 = 4I(λ)T (λ) − I˙(λ)
2
(nL0(λ)2)2
.
For the connected contributions to the norm,
C(λ, λ) =
L0(λ)
3
(2πn)2
√
â2
e−n(â
2 b̂2−â·b
2
)/2â2 (53)
and â2 is proportional to L−20 .
From Lemma 3, the forward contributions to norms are
F (λ, λ) = kF
∑
pairs
n∏
k=1
e−L
2
0(qk−qik )
2/2e−(ξk−ξik )
2/8L20eiθkik
≈ kF
(54)
with
kF :=
(
2
λc
)n( L0√
2π
)3n
θkik :=
1
2
(qik − qk) · (ξik + ξk).
From (44) and when τ = λ, ξn+k = ξk. The oddness of the phase,
θikk = −θkik ,
and the symmetry of the VEV (18) under transposition of arguments verifies that the forward
contribution to the norm is real and nonnegative. The nonrelativistic classical particle con-
ditions (15) provide that with sufficiently diverse trajectories, the summation labeled pairs is
dominated by the term with ik − n = k for each k ∈ {1, . . . n}. (ξj − ξk)2 ≥ r2a with ra the
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closest approach of two distinct trajectories, and (15) provides that L0 ≪ ra. As a consequence,
exp(−(ξj(λ)− ξk(λ))2/8L20)≪ 1 except when j = k.
From the connected (53) and forward (54) contributions to norms, F (λ, λ) scales as L3n0 and
the n ≥ 2 connected contribution c2nC(λ, λ) scales as L40. As a consequence, for sufficiently
small L0, the connected contribution dominates the norm and for sufficiently large L0, the
forward contribution dominates the norm. Small L0 are associated with particle-like cases, and
L0 increases without bound in plane wave cases. The L0 dependence of the partially factored
contributions are bounded between these two extremes.
Limits of the minimum packet functions (8) with L0(λ) increasing without bound describe
plane waves that label states that diverge from the Hilbert space. In plane wave limits, the min-
imum packet functions coincide with functions used by Lehmann, Symanzik, and Zimmermann
(LSZ) [13] in their studies of scattering in QFT and used in [9,10,11] to evaluate UQFT scat-
tering amplitudes. In this divergent case, linear combinations of the limits using appropriate
measures on subsets of states determine projection operators. Plane waves lack spatial features
except for a time varying phase determined by the momenta (q)n and, as a consequence, up
to an overall phase it suffices to label the plane wave limits of minimum packet states |s(λ)〉
by the momenta (q)n determined from the classical trajectories. In this case, the projection
operator in the Born’s rule likelihood (11) is expressed
Pf =
(
λc
2
)n ∫
Wσ
d(q)n |U(λ)s(λ)〉〈U(λ)s(λ)|. (55)
Wσ is a Lebesgue measurable subset of R
3n and the |U(λ)s(λ)〉 are parameterized by (q)n.
This normalization results from the idempotence of Pf in the plane wave limit.
With the momentum parameters qk of states in the summations explicitly displayed,
〈s(λ; (q′)n)|s(λ; (q)n)〉 ≈ kF
∑
pairs
n∏
k=1
e−L
2
0(q
′
k
−qik )
2/2
≈ kF
(√
2π
L0
)3n ∑
pairs
n∏
k=1
δ(qk − q′k)
≈
(
2
λc
)n∑
pairs
n∏
k=1
δ(qk − q′k)
in the large L0(λ) limit of the scalar product (52) using the delta sequences (31). The dominance
of the forward contribution to the scalar product in the plane wave limit verifies that Pf is a
projection.
P 2f =
(
λc
2
)2n∫∫
d(q)nd(q
′)n 〈s(λ; (q′)n)|s(λ; (q)n)〉 |U(λ)s(λ; (q′)n)〉 〈U(λ)s(λ; (q)n)|
≈
(
λc
2
)n∫
Wσ
d(q)n
∫
Wσ
d(q′)n
∑
pairs
n∏
k=1
δ(qk − q′k) |U(λ)s(λ; (q′)n)〉 〈U(λ)s(λ; (q)n)|
= Pf .
assuming that the subset Wσ consists of small neighborhoods of distinct momenta, qj 6= qk
when (q)n ∈Wσ.
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The elastic scattering cross sections derive from the large time, plane wave limits of the
Born’s rule transition likelihoods with n = 2.∫
Wσ
dµs I(λ,−λ)2 = Trace(Pf |U(−λ)us(−λ)〉 〈U(−λ)us(−λ)|)
with the projection operator Pf (55) described by outgoing momenta near q1,q2, and the state
density matrix is a unit trace projection onto a pure state with momentum support dominantly
near q3,q4. The incoming state is a temporal translation of the normalized, nonrelativistic
classical particle state |s(λ)〉 from (8). The likelihood of a transition to any particular momen-
tum vanishes in a plane wave limit but the likelihood of transition into a Lebesgue measurable
subset of momenta Wσ is finite. The differential likelihood I(λ,−λ)2 is the likelihood that
initial states that are nearly plane waves described by incoming momenta q3,q4 transition to
one of a subset of outgoing energy-momentum vectors near q1,q2 ∈ Wσ = d(q)2. All four
energy-momenta (q)4 are on the mass m mass shell. The non-forward, large time difference,
plane wave limits of the scalar products of interest are
lim
λ→∞
lim
L0→∞
|〈U(λ)s(λ)|U(−λ)s(−λ)〉| = lim
λ→∞
lim
L0→∞
c4 |C(λ,−λ)|
= lim
L0→∞
c4
(
Le
2
√
π
)3 1
2
√
πv̂(a2)
e−(δT )
2/(4v̂(a2))e−L
2
eδq
2/4
≈ c4δ(qdif ).
This result follows from the intermediate result (50) from Lemma 2 for general (q)n, and the
delta sequences (31) with δq from (45), δT from (46) and for n = 2.
qdif := q1 + q2 − q3 − q4
for Lorentz vectors qk and the likelihood of a transition vanishes unless energy and momentum
are conserved. For a non-forward selection of momenta, the forward contributions are negligible,
the connected contribution (50) has λ = −τ and L0(τ) = L0(λ)→∞. From (40), L2e = L0(λ)2,
and from (42), â, b̂2, and (â · b)2/â2 become negligible as L0(λ) grows without bound. The
plane wave limit precedes the large time limit.
The product of the differential likelihood I(λ,−λ)2 with the flux corrected interaction area
A = V/(uαT ) and the identification
δ2(qdif ) =
V
(2π)3
T
2π
δ(qdif )
from box normalization [4] results in the differential cross section. The volume V = L30
√
(π/2)3
and duration T =
√
π/(2v̂(a2)) both diverge in the plane wave limit. Summed over all q2 and
all magnitudes ‖q1‖, the resulting differential cross section is the elastic scattering cross section
into a solid angle dΩ. In a (barycentric) reference frame collocated with the classical center of
mass, the indicated substitutions result in
dσ
dΩ
=
(
λc
2
)2 ∫
dq2
∫ ∞
0
d‖q1‖ ‖q1‖2 V
uαT
|〈U(λ)s(λ)|U(−λ)s(−λ)〉|2
‖s(−λ)‖2
=
∫
dq2
∫ ∞
0
d‖q1‖ ‖q1‖2 (c4)
2
2π
(
λc
2
)4 (π
2
)3 ω(q3)
2‖q3‖ δ(qdif )
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from
uα :=
√
(q3q4)2 −m4
E3E4
=
2‖q3‖
ω(q3)
in this case of equal mass particles. The result is
dσ
dΩ
≈ (c4)
2
8π
(
λc
2
)2 (π
2
)3
to first contributing order in the nonrelativistic approximation and has a plane wave limit. Due
to the exchange term for indistinguishable particles [23], this nonrelativistic approximation
to the cross section can be associated with many equivalent potentials but is perhaps most
naturally associated with V (r) = cδ(r). Relativistic instances are included in [10,11].
This differential cross section dσ/dΩ is independent from scattering angle in the nonrela-
tivistic approximation and not consistent with the Mott cross section for a 1/r potential despite
the association of the nonrelativistic classical particle trajectories with 1/r potentials.
4 The classical trajectories of a UQFT
In this section, examples of trajectories that optimize the scalar products (14) are studied to
associate nonrelativistic classical particles with the UQFT realization of relativistic quantum
physics. The optimization minimizes the error in the approximation (10). Maximization of the
Born’s rule transition likelihood (11) minimizes the distinction between temporal translation of
states and translation of the dominant regions of support along classical trajectories ξk(τ). The
set of n trajectories ξk(λ) that maximize the value of the likelihood (11) are the nonrelativistic
classical particle approximations derived from the UQFT. The trajectories are defined in a
configuration space established to achieve simple descriptions of motion.
4.1 Two body trajectories
Two body problems provide explicit examples. The classical two body problem is soluble and
for the 1/r potential, the trajectories are expressed in elementary functions.
With two particles, n = 2 and in coordinates collocated with the center of mass, ξ2 = −ξ1.
Newton’s equation provides that the motion of the two particles is executed within a plane for
forces that depend only on the distance between particles. Poincare´ invariance is exploited to
select a frame with
x := ξ1 − ξ2 = 2ξ1 :=
 r cos θr sin θ
0
 (56)
with r := ‖ξ1 − ξ2‖, the distance between the two particles, and in the two particle case,
ra(λ) = r(λ). The angular momentum and classical energy are constants of the motion,
L := r2θ˙
eC =
r˙2
4
+
L2
4r2
+ V (r).
The quantities used in the evaluation of the connected contributions to the scalar product
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include
I =
1
2
(ξ21 + ξ
2
2) =
r2
4
I˙ =
rr˙
2
T =
1
2
(ξ˙21 + ξ˙
2
2) =
r˙2
4
+
L2
4r2
from (26).
For the 1/r potential,
V = −g
r
,
Newton’s equation in Jacobi coordinates results in
x¨ = −2g
r3
x
with x from (56) and the factor of two from the reduced mass of two equal mass m particles.
The solution for the trajectories ξ1, ξ2 is conveniently parameterized by θ from (56) and solution
of Newton’s equation results in
r(θ) =
L2/2g
1− ǫr cos θ
and
λ(θ) =
1
L
∫ θ
θ0
dφ r(φ)2
with λ(θ0) = 0 and
ǫr :=
√
1 + eCL2/g2.
For eC > 0, the solution diverges when ǫr cos θ = 1 and θ is constrained to the interval (β, 2π−β)
with β = cos−1(ǫ−1r ). For a real solution,
eC ≥ − g
2
L2
and eC = −g2/L2 are circular orbits. For circular orbits, the constant r and the classical
coupling constant g can be considered as independent variables with eC and L determined.
eC = − g
2r
, L =
√
2gr, λ(θ) =
r
3
2√
2g
θ
for λ(0) = 0. To satisfy a nonrelativistic velocity in this case of two particles in circular orbit,
(rθ˙)2 =
2g
r
≪ 1
requires that g ≪ r. For gravity, the length g = Gm/c2 in the units of this note. For a mass of
one a.m.u., g is 1.3× 10−54 m.
The likelihoods can be expressed in terms of four lengths, λc, r, g and L0, and the interaction
strength coefficient c4. Substitution for I, I˙ , T into the definitions for â2, b̂2, â · b from (42)
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and evaluation of (43) for circular orbits result in
â2 =
T (0)
L0(0)2
=
L2
4r2
1
L20
=
g
2L20r
b̂2 =
I(0) + 12λ
2T (0)
L0(0)2
=
r2
4L20
+
gλ2
4L20r
â · b = −
1
2λT (0)
L0(0)2
= − gλ
4L20r
â2b̂2 − â · b2
â2
=
I(0)
L0(0)2
+
λ2 T (0)
4L0(0)2
=
r2 + λ2 L2/4r2
4L0(0)2
=
2r3 + λ2g
8L20r
.
For circular orbits, T (λ) = T (0), I(λ) = I(0) and I˙ = 0. Substitution in (40) from Lemma 2
produces
C(λ, 0) = kC e
−(â2 b̂2−â·b
2
)/â2 = kC e
−(2r3+λ2g)/8L20r
with
kC =
L30 e
iθC
(4π)2
√
â2
=
L40 e
iθC
8π2
√
r
2g
from δT = 0 in this circular orbit case. Noting that C(λ, λ) = C(0, 0) results in all the connected
contributions of interest.
The forward contribution to the scalar product is (52) from Lemma 3. The identical factors
in each term result in
F (λ, τ) = kF
∑
pairs
n∏
k=1
e−L
2
e(qk−qik )
2/2e−(ξk−λ ξ˙k−ξik+τ ξ˙ik )
2/4L2seiθkik
= kF e
−L20(q1−q
′
1)
2
e−(ξ1−λξ˙1−ξ
′
1+τ ξ˙
′
1)
2/4L20
+kF e
−L20(q1+q
′
1)
2
e−(ξ1−λξ˙1+ξ
′
1−τ ξ˙
′
1)
2/4L20
with the abbreviated notation ξ1 := ξ1(λ), ξ
′
1 := ξ1(τ), q1 := q1(λ), q
′
1 := q1(τ), and noting
that θF = θC , L
2
s = 2L0(0)
2, L2e = L0(0)
2, and
kF =
4L60
π3λ2c
eiθC
for this n = 2, circular orbit case. In this case, θ11 = θ22 = 0, θ12 = −θ21 and both terms are
real except for the common complex unimodular factor in kF and kC . From the expression (56)
for ξ1 and with θ := θ(λ) and θ
′ := θ(τ),
(ξk(λ)− λξ˙k(λ)− ξik(τ) + τ ξ˙ik(τ))2 = (ξ1(λ)− λξ˙1(λ)± (ξ1(τ)− τ ξ˙1(τ)))2
= (
r
2
cos θ + λ
L
2r
sin θ ± (r
2
cos θ′ + λ
L
2r
sin θ′))2
+(
r
2
sin θ − λ L
2r
cos θ ± (r
2
sin θ′ − λ L
2r
cos θ′))2
=
r2
2
(1± cos(θ−θ′)) + g
2r
(λ2 + τ2 ± 2λτ cos(θ−θ′))±
√
gr
2
(λ− τ) sin(θ − θ′).
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This result and (23) provides that
(qk(λ)− qik(τ))2 =
1
λ2c
(ξ˙1(λ)± ξ˙1(τ))2
=
g
λ2cr
(1± cos(θ−θ′)).
From λ =
√
r3/2g θ for the circular orbits of a 1/r potential, substitution yields
F (λ, 0) = kF e
−a0 (1+
1
2
θ2−cos θ−θ sin θ)−a1 (1−cos θ) + kF e
−a0 (1+
1
2
θ2+cos θ+θ sin θ)−a1 (1+cos θ)
C(λ, 0) = kC e
−a0 (2+
1
2
θ2).
with two constants
a0 :=
r2
8L20
, a1 :=
L20g
λ2cr
. (57)
Inspection provides that F (0, 0) = F (λ, λ) and all the forward terms of interest result.
In this case of two particles in circular orbit for a −g/r potential, the amplitude (13) that
in this case is the square root of the transition likelihood is
I(λ, 0) = |F (λ, 0) + c4C(λ, 0)|
F (0, 0) + c4C(0, 0)
and the indicated substitutions result in
I = e
−a0 (
1
2
θ2−cos θ−θ sin θ)−a1 (1−cos θ) + e−a0 (
1
2
θ2+cos θ+θ sin θ)−a1 (1+cos θ) + cR e
−a0 (1+
1
2
θ2)
ea0 + e−a0−2a1 + cR e−a0
with
kR :=
πc4λc
32
√
2L0
, and cR :=
kR√
a1
. (58)
For small θ, the likelihoods satisfy the coplanar propagation bound (17) in this two body
circular orbit case. For sufficiently small θ, the likelihood is approximated by
I(λ, 0) ≈ 1−
a1
2 + (a0 − a12 )e−2a0−2a1 + cR a02 e−2a0
1 + e−2a0−2a1 + cR e−2a0
θ2 (59)
and from a0, a1 > 0, the likelihood satisfies the coplanar propagation bound (17). From the
indicated a > 0, θ = θ1 + θ2 with θ1, θ2 > 0,
I(λ, 0) ≈ 1− a (θ1 + θ2)2 ≤ 1− a (θ21 + θ22) ≈ I(λ1, 0)I(λ2, λ1).
For greater λ in this same case, validity of the coplanar propagation bound is conditional
and, for example, for θ1 = θ2, the coplanar propagation bound remains valid up to θ = 4
and to likelihoods I(λ, 0) smaller that 10−3 when a1 < a0 and cR < 1. More generally, the
coplanar propagation bound applies in instances with dominance of the temporal dependence
by exp(−a(λ1 + λ2)2). exp(−a(λ1 + λ2)2) < exp(−aλ21) exp(−aλ22) when a, λ1, λ2 > 0.
Satisfaction of the coplanar propagation bound for this two body circular orbit case and
Lemma 1 provide that the likelihoods of the trajectories of 1/r potentials have the greatest
upper bound. The appropriate classical potential for circular orbits is −g/r but the potential
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strength g has not been determined. The interaction strength g is determined to provide
estimated likelihoods that persist near unity for the greatest period. Displayed in the evaluation
(59) of the amplitude for this circular orbit case, I(0, 0) = 1 and dI/dλ = 0 with I = I(λ, 0)
evaluated at λ = 0. From the linear relation between λ and θ, the g that provides the least
negative value,
d2I
dθ2
∣∣∣∣
θ=0
= max,
determines the likelihoods that persist near unity for the greatest period. From (59),
d2I
dθ2
∣∣∣∣
θ=0
=
−a1 − (2a0 − a1)e−2a0−2a1 − cR a0 e−2a0
1 + e−2a0−2a1 + cR e−2a0
.
The nonrelativistic classical particle condition (15) provides that r ≫ L0 and then (57) results
in a0 ≫ 1. With neglect of contributions from exp(−2a0 − 2a1) with respect to unity, this
simplifies to
d2I
dθ2
∣∣∣∣
θ=0
≈ −a1 − 2a0e
−2a0−2a1 − cR a0 e−2a0
1 + cR e−2a0
.
Extrema occur at zeroes of the first derivative with respect to g, with the result that the
likelihood is maximized for(
(−1 + 4a0e−2a0−2a1 + cR a0e
−2a0
2a1
)(1 + cR e
−2a0)
+(−a1 − 2a0e−2a0−2a1 − cR a0 e−2a0)cR e
−2a0
2a1
)
da1
dg
= 0
that results from
dcR
da1
= − cR
2a1
using (58) and that (1 + cR e
−2a0) 6= 0. This simplifies to
kRa0e
−2a0
2
√
a31
− 3kRe
−2a0
2
√
a1
− 1 = 0
with neglect of contributions from 2e−2a0−2a1 and 4a0e
−2a0−2a1 with respect to unity from
a0 ≫ 1. This is a cubic equation for 1/√a1 with no solution when kR = 0. With designations
x :=
1√
a1
, a := − 3
a0
, and b := − 2
kRa0e−2a0
, (60)
the real solution to x3 + ax+ b = 0 is
x = A+B
with
A3 =
e2a0
kRa0
+
√
e4a0
(kRa0)2
− 1
(a0)3
, and B3 =
e2a0
kRa0
−
√
e4a0
(kRa0)2
− 1
(a0)3
.
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In instances with sufficiently weak coupling that a0e
4a0 ≫ k2R,
x ≈
(
2e2a0
kRa0
) 1
3
.
The strength g of the classical potential is expressed in terms of c4 with substitution for a0 and
a1 from (57), for kR from (58) and for x from (60). The result is
g =
(
λ3cr
3
2kRa0e
−2a0
2L30
)2
3
=
πc4λ4cr 72 e− r
2
4L2
0
512
√
2L60

2
3
.
In this circular orbit case, from (16), L0 = L0(T, V ) = L0(g/2r,−g/r) is constant with
variations of λ but varies with r. The selection of L0 as the solution to
L60 = β0r
7
2 e
− r
2
4L20 (61)
results in a strength for the classical potential
g =
(
πλ4c
512
√
2 β0
c4
) 2
3
that is independent of the orbit diameter r. β0 is a physical constant associated with this
particular UQFT and β0 may be a function of mass m but is independent of r.
There are real solutions to (61) only if r is less than an upper bound, roughly
r .
(
12
e
) 6
5
β
2
5
0 .
Quantum corrections to the trajectories with respect to the trajectories of a 1/r potential occur
at larger radii orbits for this selected UQFT.
As a consequence of the limited duration of the applicability of the nonrelativistic approxi-
mations (51), better methods are required to examine bound states. The approximations and
the upper bound on L0(λ) ≪ r from the nonrelativistic classical particle bounds (15) do not
enable extension of this analysis of two body orbits to times λ → ∞ unless r → ∞ and then
deviations from a −g/r potential occur. There is a finite likelihood that any state labeled by
Gaussian minimum packet functions escapes the bound state due to the small but finite sup-
port at large energies. The generalized eigenstates of the UQFT Hamiltonian are plane waves.
However, the association of nonrelativistic classical trajectories with the UQFT and Ehrenfest’s
theorem associates UQFT with an interaction Hamiltonian of a nonrelativistic quantum theory
that includes bound eigenstates. In this nonrelativistic, finite duration approximation, conven-
tional bound states are associated with UQFT by the nonrelativistic, classical trajectories in
common.
This two body circular orbit instance displays that the properties of the classical limit
determines L0(λ). L0(λ) provides the freedom to match the classical limits of UQFT with
observed classical limits. The result is that UQFT VEV are compatible with appropriate
classical limits over interesting ranges of parameters.
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4.2 Newton’s equations from a UQFT
Derivation of classical trajectories associated with the selected UQFT simplifies significantly
when particle-like initial states transition to wave-like states with
L0(λ)
λ
→∞ (62)
as λ grows without bound. In this instance, and with selection of an appropriate dynamic model
for the momentum spread length L0(λ), Newton’s equations appear naturally in the optimiza-
tion of the likelihoods (11). Trajectories that satisfy Newton’s equations are local extrema of
the likelihoods. Again, the development is for nonrelativistic classical particle instances (15)
in a reference frame collocated with the classical center of mass. And, from (51), since L0(λ)
increases without bound, the accuracy of the nonrelativistic approximation persists.
From the evaluation of the connected contribution (40) to the scalar product (14), (46) of
Lemma 2, and the growth (62) of L0(λ),
C(λ, τ) =
c2nL
3
e
(2πn)2
√
â2
e−n(b̂
2−â·b
2
/â2)/2e−(δT )
2/(2nâ2)
with
L2e = 2L0(τ)
2, Ls →∞
and from (42) and (43),
â2 =
T (τ)
nL0(τ)2
, â2b̂2 − â · b2 = I(τ)T (τ) −
1
4 I˙(τ)
2
n2L0(τ)4
.
The assertion (62) for the rate of growth of L0(λ) is determined so that I(λ)/L0(λ)
2 → 0 and
λ2T (λ)/L0(λ)
2 → 0 as λ grows without bound. T (λ) is bounded and I(λ) is asymptotically
proportional to λ2 when the final states are described by nearly free particles and bound state
clusters, the case of interest. The assumed divergence of L0(λ) leads to the significant simplifi-
cation that b̂2− â · b2/â2 is independent of λ and the same factor appears in both C(λ, τ) and
C(τ, τ)
1
2 .
For sufficiently small L0(τ), that is, in point particle-like cases, the connected contribution
(53) dominates the norm ‖s(τ)‖B while the plane wave limit (55) applies for Pf . From (53),
‖s(τ)‖2B ≈ c2nC(τ, τ) =
L0(λ)
3
(2πn)2
√
â2
e−n(b̂
2−â·b
2
/â2)/2
with
â2 =
2T (τ)
nL0(τ)2
, b̂2 =
2I(τ)
nL0(τ)2
, â · b = I˙(τ)
nL0(τ)2
from (42) and distinct by a factor of two from the evaluation of â2, b̂2 and â · b in C(λ, τ).
From the evaluation of the forward contribution (52) to the scalar product (14), for sufficiently
diverse classical trajectories, the forward contribution is negligible with respect to the connected
contribution. Then, the indicated scalar product and norms substituted into the expression for
the amplitude (13) used to evaluate likelihoods (11) results in
I(λ, τ) = √c2n
(
λc
2
)n
2 |C(λ, τ)|
C(τ, τ)
1
2
=
√
c2n kI
L0(τ)
2
T (τ)
1
4
e−L0(τ)
2(δT )2/2T (τ)
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with dµs = d(q)n, (q)n are the momenta in the description of |s(λ)〉 and
kI :=
1
π
(
8
n
) 3
4
(
λc
2
)n
2
.
A significant simplification is the common factor of
exp(−I(τ)− I˙(τ)
2/T (τ)
2L0(τ)2
)
in C(λ, τ) and C(τ, τ)
1
2 . With the designation T∞ := T (λ) and substitution for δT from (41),
I(λ, τ) = √c2n kI L0(τ)
2
T (τ)
1
4
exp
(
−αL0(τ)
2
T (τ)
(T (τ)− T∞)2
)
(63)
with
α :=
1
2
(
1
λc
)2
.
In this approximation, the likelihood depends only on the initial momentum spread length
L0(τ), the initial classical kinetic energy T (τ), and the final classical kinetic energy T∞. This
form indicates that the extrema of (11) occur for trajectories ξk(τ) that are the trajectories of
classical dynamics.
Lemma 4: For the VEV given by (18) and (19) evaluated for minimum packet functions (8)
with parameters describing a nonrelativistic classical particle case (15) and sufficiently small
initial L0(τ), the trajectories ξk(τ) that maximize the transition likelihoods (11) for λ increas-
ing without bound and when the momentum spread length L0(λ)/λ → ∞ satisfy Newton’s
equation (27) with a potential (25).
The lemma follows from a demonstration that, in this case, extrema of I(λ, 0) imply extrema
of (11), and that when the momentum spread length L0(τ) → ∞ sufficiently rapidly and for
sufficiently small initial L0(τ), the expression (63) for the amplitude I(λ, τ) results.
In this case of interest, the projection (12) onto a neighborhood of plane wave states (55)
results in the likelihood
Trace(Pf |us(0)〉〈us(0)|) =
(
λc
2
)n ∫
Wσ
d(q)n I(λ, 0)2
≈ I(λ, 0)2 (λc2 )n ∫
Wσ
d(q)n
from the continuity, indeed infinite differentiability, of the connected contribution (63) in the
parameters (q)n of s˜n((p)n;λ) in the plane wave limit, for sufficiently diverse qk that the forward
contribution (52) is negligible, and for summation over a sufficiently small neighborhood Wσ.
The continuity is with respect to variations in the n parameters λcqk = ξ˙k(λ) and follows from
(63) using the expression for T∞ as the sum of squares of ξ˙k(λ) from (26). As a consequence,
the maximization of the I(λ, τ) for any τ ≥ 0 results in a maximum value for the likelihood
(11).
From the definition (26) of T (λ) and the form (16) for L0(T, V ), I(λ, τ) is a function of the
trajectories ξk(λ) and ξ˙k(λ) evaluated at λ = τ and λ → ∞. The final state consists of plane
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waves and is considered as fixed. To derive trajectories ξk(λ) associated with the optimization
of the likelihood (11), the initial point τ is varied. Maxima of the likelihood (11) occur when
the amplitudes I(λ, τ) are solutions to the Euler-Lagrange equations. With
F ((ξ(τ), ξ˙(τ))n) := I(λ, τ),
extrema of the amplitude I(λ, τ) result when the trajectories ξk(τ) are solutions to
∂F ((α, β)n)
∂αk
− d
dτ
(
∂F ((α, β)n)
∂βk
)
= 0
evaluated with αk = ξk(τ) and βk = ξ˙k(τ). Satisfaction of the Euler-Lagrange equations
provides that the first variation δI(λ, τ) with respect to variations of the trajectories ξk(τ)
is zero for any τ . No variation of the trajectories increases summations of the nonnegative
likelihood.
δ
∫ τb
τa
dτ I(λ, τ) = 0
when ξk(τa), ξ˙k(τa) and ξk(τb), ξ˙k(τb) are specified.
The form (16) for L0(τ) = L0(T (τ), V (τ)) is selected to result in Newton’s equation for the
classical trajectories. With I := I(λ, τ) from (63), the chain rule provides that
∂I
∂ξk
=
∂V
∂ξk
∂I
∂V
from ∂T/∂ξk = 0 using (26). For potentials that are independent of velocities, ∂V/∂ξ˙k = 0
from (25) and ∂T/∂ξ˙k = ξ˙k from (26). The chain rule provides that
∂I
∂ξ˙k
=
∂T
∂ξ˙k
∂I
∂T
= ξ˙k
∂I
∂T
.
The Euler-Lagrange equations for the trajectories that determine the extrema of the likelihood
(11) are
0 =
∂I
∂ξk
+
d
dτ
∂I
∂ξ˙k
=
∂V
∂ξk
∂I
∂V
+
d
dτ
(
ξ˙k
∂I
∂T
)
=
∂V
∂ξk
∂I
∂V
+ ξ¨k
∂I
∂T
+ ξ˙kT˙
∂2I
∂T 2
+ ξ˙kV˙
∂2I
∂V ∂T
.
Then, should
∂I
∂T
=
∂I
∂V
, (64)
the Euler-Lagrange equations are satisfied when
(ξ¨k +
∂V
∂ξk
)
∂I
∂T
+ ξ˙k(T˙ + V˙ )
∂2I
∂T 2
= 0.
L0(T, V ) is selected to satisfy (64) and diverges appropriately for large λ. If the classical
trajectories satisfy Newton’s equation,
ξ¨k +
∂V
∂ξk
= 0,
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then the Euler-Lagrange equations are satisfied since the existence of V implies that the force
is conservative [27] and it follows that the classical total energy eC = T + V is a constant of
the motion, T˙ + V˙ = 0. With selection of the appropriate L0(λ), for this selected UQFT and
for these particle-like to wave-like transitions, satisfaction of Newton’s equations is a sufficient
condition for classical trajectories ξk(τ) to provide extrema of the likelihood (11). L0(λ) is
constrained to be twice continuously differentiable to apply the Schwarz-Clairaut theorem on
the independence from precedence in second partial derivatives.
This solution for the trajectories also has the property that the maximum of the likelihood
(11) is nearly independent of the temporal parameter τ of the initial state.
dI(λ, τ)
dτ
≈ 0.
This results from the chain rule, and the conservation of the classical energy that results for
trajectories that satisfy Newton’s equation (27).
dI
dτ
= T˙
∂I
∂T
+ V˙
∂I
∂V
and the assumed equality of partial derivatives (64) provides that
dI
dτ
= (T˙ + V˙ )
∂I
∂T
= 0
from T˙ + V˙ = 0. The approximation results from the approximations in the evaluation of the
amplitude I (63).
The equality of partial derivatives (64) applies if L0(T, V ) satisfies a partial differential
equation. From the evaluation (63) of the amplitude I,
∂I
∂T
=
(
c0(T,L0) + d0(T,L0)
∂L0
∂T
)
I
∂I
∂V
= d0(T,L0)
∂L0
∂V
I
with
c0(T,L0) := − 1
4T
− αL20
(
1− T
2
∞
T 2
)
d0(T,L0) :=
2
L0
− 2αL0 (T − T∞)
2
T
.
(65)
The selection
L0(T, V ) = f(T )g(T + V )
results in an ordinary differential equation for f(T ) and g(s) eliminates the trivial solution
∂I/∂V = ∂I/∂T = 0. (64) becomes
c0(T, fg) + d0(T, fg)
(
∂f
∂T
g + f
∂g
∂T
)
= d0(T, fg) f
∂g
∂V
and the simplification from
∂g(T + V )
∂T
=
∂g(T + V )
∂V
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results in an ordinary differential equation for f(T ). Substituting (65),(
1− αL20
(T − T∞)2
T
)
2
f
df(T )
dT
=
1
4T
+
αL20
T 2
(T 2 − T 2∞). (66)
This differential equation has elementary solutions when either of the terms on the left hand
side dominates the other. Dominance by the negative term on the left hand side,
αL20
(T − T∞)2
T
≫ 1,
are the cases of interest to the lemma.
For attractive 1/r potentials such as gravity and in scattering instances when particles or
bound clusters of particles separate without bound, V (τ) ≤ V (λ). Since T + V is a constant
of the motion for the trajectories that satisfy Newton’s equation, T (τ) reaches its minimum at
T (λ). That is, in these cases of interest to the lemma,
T (τ) ≥ T∞
and the right hand side of (66) is nonnegative. If the factor multiplying the derivative in (66)
were nonnegative, then df(T )/dT ≥ 0 and the decline in T (τ) with increasing τ implies that
L0(τ) is declining with time for trajectories that conserve the total classical energy eC . These
cases contradict the assumption of the lemma of an increasing L0(τ) and require different
methods. The cases with negative definite factors multiplying the derivative in (66) are of
interest.
From the definition (26) for classical kinetic energy, 0 < T (τ)≪ 1 in nonrelativistic instances
except when the number of particles n≫ 1. From the nonrelativistic classical particle conditions
(15),
αL0(τ)
2 =
1
2
(
L0(τ)
λc
)2
≫ 1.
Then, in the factor multiplying the derivative in (66), T (τ) < αL0(τ)
2(T (τ) − T∞)2, except
when (T (τ) − T∞)2 is less than T (τ)/(αL0(τ)2) ≪ 1. From the conditions of the lemma, τ is
not nearly equal to λ and (T (τ)−T∞)2 is small only when there is little change in the classical
kinetic energy in the descriptions of initial and final states. Trajectories with sufficiently small
|T (τ) − T∞| that escape to unbounded distances imply weak interaction, either great initial
separations or a weak potential.
The example of two bodies provides explicit instances. For two bodies, the assumptions
of the lemma are that r → ∞ as λ → ∞. The two body example is described by L0(τ),
T∞, the particle mass m, the potential strength g, and the initial velocity. Specification of
the initial velocity is equivalent to specification of the initial potential energy −g/r(τ) or the
initial range r(τ). With the initial kinetic energy described by the ratio to the final energy,
T (τ) := (ρ+1)T∞, ρ > 0 and |V (τ)| = ρT∞, r˙(τ) = 2
√
(1 + ρ)T∞, and r(τ) = g/|V (τ)|. Then,
the instances that violate the conditions of the lemma with positive definite factors multiplying
the derivative in (66), T (τ) ≥ αL0(τ)2(T (τ)− T∞)2, satisfy
(1 + ρ) ≥ αLo(τ)2ρ2T∞.
This is equivalent to the condition
0 < ρ ≤ 1 +
√
1 + 4αL0(τ)2T∞
2αL0(τ)2T∞
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and a nonnegative coefficient multiplies the derivative in (66) except for nearly bound instances
with more nearly point-like initial descriptions. A large ρ occurs only for small αL0(τ)
2T∞.
Since αL0(τ)
2 ≫ 1, a small αL0(τ)2T∞ is a T∞ small with respect to (αL0(τ)2)−1. A small
T∞ is a small velocity at escape, that is, a nearly bound instance. For the example of a 10
−8
kg particle mass, λc = 3.5 × 10−35 m, and T∞ = 4.0 × 10−6 results in r˙(λ) = 0.004c. For
L0(τ) = 10
4λc = 3.5 × 10−31 m, αL0(τ)2 = 5.0 × 107. Only if the magnitude of the initial
potential energy ρT∞ decreases below ρ ≤ 0.073 will the negative definiteness of the coefficient
of the derivative in (66) be violated. However, for smaller initial packet sizes, L0(τ) = 10
2λc =
3.5 × 10−33 m, αL0(τ)2 =5000 and ρ ≤ 51 violate the negative definiteness. For a fixed ratio
L0(τ)/λc and a fixed final velocity r˙(λ), the value of ρ that violates the assumptions of the
lemma is independent of mass m.
The nonrelativistic classical particle conditions (15) must also be satisfied and r(τ) ≫ λc
is violated for small masses or weak interaction. For gravity and two bodies, −V = ρT∞ =
Gm/c2r and
r(τ)
λc
=
Gm2
~c ρT∞
≫ 1.
The analysis of this section does not apply to more point-like initial packet sizes, small masses,
and nearly bound or weakly interacting cases. In these cases, the assumptions that result in an
L0(τ) that increases with time do not apply.
For T ≪ αL20(T − T∞)2 and trajectories that satisfy Newton’s equation, the differential
equation (66) simplifies to
df(T )
dT
≈ −1
8αg(T − T∞)2
1
f(T )
− (T + T∞)
2T (T − T∞)f(T )
with
αg := g(eC)
2α
and has the solution
f(T ) =
(
T
4αg
ln(
cL
T
)
) 1
2 1
T − T∞ .
For trajectories that satisfy Newton’s equation, T + V = eC is a constant of the motion. The
definition of αg results in
L0(T, V ) =
g(T + V )
g(eC )
(
T
4α
ln(
cL
T
)
) 1
2 1
T − T∞ . (67)
cL is a constant without units selected to satisfy the constraints (15) and implement the cor-
respondence of UQFT with a single classical potential, (61). If an L0(0) is selected to satisfy
(15), then determination of cL results in
L0(τ) = L0(0)
(
T (0)− T∞
T (τ)− T∞
)(
T (τ)
T (0)
) 1
2
(
1 +
T (τ) ln(T (0)/T (τ))
4αL0(0)2(T (0)− T∞)2
) 1
2
in the abbreviated notation L0(τ) = L0(T (τ), V (τ)).
Qualitatively from the differential equation (66) and explicitly from (67), as time increases,
L0(τ) increases from an initial value L0(0) as T (τ) declines toward T∞. Eventually, T (τ) ≈ T∞
and the derivative diverges. However, the assumptions that led to the approximation (63) of the
likelihood will be violated before this divergence occurs. The rate of growth of L0 corresponds
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to the rate of decay of the potential. From conservation of energy for a potential that decays
at large separations, T − T∞ = V and then a potential that decays for large λ as 1/r1+ǫ with
ǫ > 0 results in L0/λ ∼ r1+ǫ/λ → ∞ as λ grows without bound. Satisfaction of the desired
growth (62) of L0 results from the linear motion, r ∼ r˙λ, of particles or bound state clusters at
large λ. The quantum correction to a 1/r potential at large r from Section 4.1, a regularization
of the 1/r potential, is decisive to Lemma 4. This development verifies that there are cases of
interest consistent with an L0(λ) that increases without bound as λ grows.
With appropriate selection of a dynamic model for the momentum spread lengths L0(λ)
and for sufficiently energetic scattering events, Newton’s equations appear naturally in this
optimization of the likelihoods (11). Trajectories that satisfy Newton’s equations provide the
trajectories followed by dominant regions in the support of states as the states evolve in time.
Validity of the coplanar propagation bound (17) would provide that the trajectories of 1/r
potentials are distinguished by the greatest upper bounds on likelihoods. Lemma 4 applies for
nonrelativistic classical particle approximations (15) to the states of a UQFT in coordinates
collocated with the classical center of mass, excluding instances with more point-like initial
packet sizes, small masses, and nearly bound or weakly interacting instances.
5 Discussion
Using the correspondence studied by Schro¨dinger and Ehrenfest, this study sought tractable
examples to indicate whether classical mechanics provides nonrelativistic approximations to the
relativistic quantum physics described by scalar UQFT. Examples demonstrate associations
of UQFT with appropriate classical limits. The time translations of the family of minimum
packet functions that label states of a UQFT associate with nonrelativistic classical particle
dynamics at the level of approximation provided by Newton’s equations. The methods of UQFT
with the physical interpretation due to Schro¨dinger and Ehrenfest provide a rich alternative to
canonical quantization but in an explicitly quantum mechanical setting. The classical limits
are correspondences of features in the quantum mechanical description with classical dynamical
quantities. These features are evident in an appropriate range of the quantum mechanical
descriptions, that is, quantum mechanics is the more general theory and classical mechanics
approximates special cases. The explicitly quantum mechanical UQFT are approximated by
both Feynman series [11] and classical limits.
A significant revision to ordinary quantum mechanics in relativistic quantum physics is that
critical observables no longer correspond to self-adjoint Hilbert space operators. Significantly,
and due to Lorentz invariance, position, implemented as multiplication of the functions that
label states by the value of an argument x, does not define a Hermitian Hilbert space operator
[6] and the associated orthogonal projections onto position eigenstates are inconsistent with
causality [8]. Such a correspondence is not general in ordinary quantum mechanics, products
of self-adjoint operators such as X
3
2PX
3
2 are not Hermitian [13], but location is not excluded
in nonrelativistic physics. If the possibility that multiplication by a field does not necessarily
define a Hermitian Hilbert space field operator is considered, then realizations of relativistic
quantum physics that exhibit interaction are available [9,10]. The technical conjecture of the
canonical formalism, that classical dynamic quantities correspond to Hermitian Hilbert space
operators with particular algebraic properties, has known qualifications [12,13,14] and precludes
alternative constructions for relativistic quantum physics. Poincare´ covariance and causality
with interaction in a Hilbert space realization of states with positive energy is tractable when
the field is not constrained to be Hermitian and the generator of time translations is allowed
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to assume consistent forms. The development suggests that in the case of relativistic quantum
physics, the appropriate descriptions of quantum dynamics are uniquely quantum mechanical,
not elevations of classical descriptions. UQFT achieves Hilbert space realization of relativistic
quantum physics but with less familiar descriptions for dynamics.
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